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PREFACE. 


Tus work has been prepared for the use of beginners in 
the study of trigonometry. Assuming that a high degree of 
proficiency cannot be expected from such students, the author 
has limited himself to the selection of simple proofs of the 
formulas, not striving after original demonstrations. Geo- 
metrical proofs have been added in many cases, experience 
having shown that the student is assisted by them to a clearer 
understanding of the subject. 

The student is expected, in technical institutions, to acquire 
facility in the use of the tables. All of the numerical exam- 
ples have been computed by the author, with special attention 
to correctness in the last decimal place, and the arrangement 
of the computations has been carefully considered. Five-place 
tables have been adopted, anit the angles in the examples are 
given to the nearest tenth of a minute, because the instruments 
ordinarily used by engineers are read by the vernier only to 
the nearest minute of arc, while the angle corresponding to a 
computed function may be found usually to the nearest tenth 
of a minute by the use of five-place tables. 

Credit is due particularly to the works of Chauvenet, Snow- 
ball, Beasley, Woodhouse, Newcomb, and Todhunter, although 
many others have been consulted. A number of the illustra- 
tive examples in Art. 111 were taken from Gillespie’s ‘* Land 
Surveying,” the numerical values being assigned by the author 
of this work. 

The author cannot hope that among so many examples 
there are no errors; he therefore requests those finding such 
to kindly notify him. 

RENSSELAER POLYTECHNIC INSTITUTE, 


Troy, N.Y. 
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PART ONE. 
PLANE AND ANALYTICAL TRIGONOMETRY. 


—-—-# 0795, 00-—_—_ 


CHAPTER I. 


MEASUREMENT OF ANGLES; TRIGONOMETRIC FUNCTIONS OF 
ANGLES LESS THAN NINETY DEGREES. 


1. Analytical Trigonometry treats of the relations of lines 
and angles by algebraic methods. In Plane and Spherical 
Trigonometry, these relations are applied to the solution of 
plane and spherical triangles. 


2. Directed Lines; Angles. — A directed line is one whose 
beginning, direction, and length are known. The direction of 
the line is indicated by the order of the letters in its symbol; 
for instance, the line AB is drawn from A to B. If one direc- 
tion along the line is considered positive, the opposite direction 
will be negative; thus, if the line AB is positive, the line 
BA will be negative, their numerical measures being equal, or 


line 4.8 := — line BA. 


An angle is the figure formed by two intersecting lines, the 
point of intersection being the vertez. 

The angle between any two given lines, whether intersect- 
ing or not intersecting,* is defined to be the same as the angle 
formed by two lines drawn through any point parallel to and 
in the same direction as the given lines. Hence an angle may 
be defined as the difference in direction of two directed lines, 


* That is, parallel or in space. 
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3. Measurement of Angles. Two methods of measuring 
angles are in common use,—the sexagesimal and the circular 
or natural methods. 


4. Sexagesimal Measure.*— The circumference of a circle 
described about the vertex of the angle as a center is divided 
into 860 equal parts, and the angle at the center subtended by 
one of these parts is taken as the unit. The length of one of 
these divisions of the circle will depend upon its radius ; but 
the corresponding angle at the center will be independent 
of the radius, since it is 345 of four right angles. This unit 
angle, called a degree, is divided into 60 parts called minutes, 
each of which is subdivided into 60 parts called seconds. 
These are marked °,’,/’; thus 48°14! 35'’.2 is read, “43 de- 
grees, 14 minutes, and 35.2 seconds.” 


How many degrees are there in 


1. Two thirds of four right angles ? Ans. 240°. 
2. Two fifths of three right angles ? Ans. 108°. 
3. Five sixths of two right angles ? Ans. 150°. 


5. The Circular or Natural Measure. — From geometry we 
know that in any two concentric 
circles the arcs intercepted by any 
angle at the center are to each other 
as the radii of the circles. Therefore, 
BS if ACB be any central angle, we have 
arc AB _arc.A'B’ (1) 
CA CA! 
Hence the length of the intercepted 
are divided by the radius is a number 
that is always the same for the same 
angle, no matter what the radius may be. 

We also know that in any circle any two central angles are 
to each other as their intercepted arcs, and therefore as the 
quotients of their intercepted arcs divided by the radius. We 
ran, then, use these quotients to measure the angles. 


B 


be 


Fie. 1. 


* From sexagesimus, sixtieth. 
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The circular measure of an angle is the quotient obtained 
by dividing the length of its intercepted arc, in a circle whose 
center is at the vertex of the angle, by the radius of the circle. 
Thus, if ¢ is the circular measure of the angle, / its intercepted 
arc, and r the radius, we have 

t 
C— rs (2) 
If the radius of the circle is unity, 
c=. (8) 
Hence the circular measure is represented by the length of the 
intercepted arc in the circle whose radius is unity. 

The angle whose circular measure is one, that is, whose 
intercepted arc is equal to the radius, is called the radian. 

1. The length of the intercepted arc of a central angle is 4 feet in a circle 
whose radius is 2 feet; the length of the intercepted arc of another central 


angle is 20 meters in a circle whose radius is 5 meters. Show that the second 
angle is twice as large as the first. 


2. In a circle with a radius of 10 inches, the intercepted arc of a central 
angle is 5 inches, and that of an angle whose vertex is on the circumference is 
10 inches. Find their circular measures. Ans. i. 


6. Relation between the Two Measures. — Two right angles 
are measured by 180°, and also by w7* + 7 = 7, since wr is the 
semicircumference of a circle whose radius is r. Hence, using 
the equality sign to represent “ corresponds to,” we have 


180° = w in circular measure ; (1) 
1° =—"~ in circular measure. 2 
180 Y) 
Again, qm in circular measure = 180°; (3) 
.. 1 in circular measure = 18%. (4) 
T 
.*. 1 in circular measure = 57°.2957T 95 + (5) 
.*. 1 in circular measure = 206 264/’.806. (6) 
1. What is the circular measure of 120° ? Ans. 120 x aa =r, 
2. What is the circular measure of 10° 10! 10”? 
i (sist f 1 is___= ____,_ But 
The circular measure of 1° is 180° and that o is TRA AOEAGO 
36610 
°710! = " . i °10/107? = ——__—————_—_.. 
10°10’ 10’ = 86610”. .-. Circular measure of 10° 10’ 1 TROSREO RO 


* + denotes the ratio of the circumference of a circle to its diameter, and is 
the number 3.14159 265+. 
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3. What is the sexagesimal measure of the angle whose circular measure 
is 1 
isjr? 3 = 180°; .. 1 = 60°. 

4. What is the sexagesimal measure of the angle whose circular measure 


Bt , 180° 120° 
Unity in circular measure = eae % corresponds to . 


5. What are the sexagesimal and circular measures corresponding to 3 of 
three right angles ? . Ans. 60°; +7 


6. The sexagesimal measures of two angles are 22°30! and 43° 14/3". 
1350 3 155643 3 


eee SG) — 
180 x 60 180 x 60 x 60 

7. The circular measures of three angles are 7, 7,37, and j,7. Show 
that their sexagesimal measures are 15°, 40°, and 3° 36’. 


Show that their circular measures are 


8. The circular measures of three angles are }, §, and 3. Show that their 


oO oO 
sexagesimal measures are —— Ea en and 4%. 


9. Find the sexagesimal and circular measures corresponding to 


(a) Seven tenths of four right angles. Ans. 252°; im. 
(6) Five fourths of two right angles. Ans. 225°; $7. 
(c) Two thirds of one right angle. Ans. 60°; i 


7. Centesimal Measure. — In this system, proposed by the 
French, the right angle is divided into 100 parts called grades, 
each of which is subdivided into 100 parts called minutes, 
each minute being divided into 100 parts called seconds ; 


‘ A 


marked 8, *, 


8. Trigonometric Ratios. — Let the sides of a right-angled 
triangle be denoted as shown in Fig. 2. The trigonometric 
ratios may be defined as follows: 
side opposite 


The sine of an angle = hypotenuse 


; written 


wm 
_ 
i} 
‘Pa 
i 


els Ql SIR SIS SR SISO 


side adjacent 


The cosi f ~ “hypotenuse 
€ cosine of an angle hypotenuse 


; written cos 4= 


side opposite. 


side adjacent? written tan 4 = 


The tangent of an angle = 


P ‘ 1) 
q C 
EOS seen written cot d= 


The cot t of 10 See 
cotangent of an angle side opposite’ 


h t; : 
ee, written see 4 = 


The secant ofa le = —3—____—_— 
yer ©, Soa eide adjacent’ 


hypotenuse 
side opposite 


These fundamental equations should be thoroughly memorized. 


The cosecant of an angle = ; written cosee 4 = 
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Fie. 2. Fie, 8, 


9. The Ratios are Constant for Any One Angle. —In Fig. 3 
let BAC and BAF be two angles differing by a quantity as 
small as we please. At any two points Band D on AB, draw 
BF and DG perpendicular to AB; with A as a center, and 
radius AC, describe the are CH, and draw ZH perpendicular 
to AB. The triangles BAC and DAF are similar. 


BC_DE 


side opposite 


, BSS SS =, COMING = sing. 
AG A hypotenuse es 
BC Dit side opposite 
—— = ——_ = 4 constant = = 4 
AB AD cuncaas side adjacent 33 
AC = a a constant = a Obese = secx 
AB AD side adjacent F 


10. The Values of the Ratios differ for Different Angles. -- 


From Fig. 3 we have, since AH = AC, 
EEE 


: BC ae 
sin z =—— and siny =—— 


AC Aree ACs 


tan 7 = Ze and tan y == 


AB AB’ 
sec 2 = AC aud, Se¢ 7 = AF 
AB AB 
11. The Angle may be constructed D Ne 
when One of the Ratios is known. — \ 
Let sing = 4. With any convenient 
radius AQ, describe a circle about A 
as a center. Draw AD perpendic- 
ular to AB, and on it lay off AD= pearl 


4 AC; draw DC parallel to AB until Fre. 4 
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it intersects the circle at (; join A and (, and BAC will be 


the required angle, since 
. BO ADL 
sin BAC =F = 4073" 
Let tanz = 3. Lay off any convenient distance AB; at B 
draw BC perpendicular to AB, and lay off BO=% AB; join 
A and Q, and BAC will be the required angle, since 


Let sec2 = 2. Lay off any convenient distance AB; erect 
the perpendicular line BC; with a radius AC = 2 AB describe 
an are cutting BO at C; join A and C, and BAC will be the 
required angle, since 

sec BAC = Zhe by 
AB 


Let the student construct the angle whose cosine is 1, the angle whose 
cotangent is 5, and the angle whose cosecant is 4. 


12. We therefore conclude that to any one angle there 
will correspond a special value of each of these ratios, that the 
value of each ratio will differ for different angles, and that, if 
any one of these ratios is given, the angle may be constructed. 


13. Tables of Sines, Cosines, etc. — The values of these ratios 
for angles between 0° and 90° have been computed, and are 
given in tables so arranged that the values corresponding to 
any angle may be readily found. ‘The tables of natural sines, 
etc., contain the actual values of these ratios ; while the tables 
of logarithmic sines, etc., contain their logarithms. 


14. Ratios for 30°, 45°, 60°. 


(a) Ratios for 45°.—In Fig. 5 let the angle A = 45°; then 
B= 90° —-A= 45°. 


... AC = CB, since they are opposite equal angles. 
Let AC=a; then CB=a, and AB=Va?+ @=av2. 
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Mew ro. CB it OB A 
mS) aa ee =e [ke ©), B_ 
in ABV tan 45 Aon sec 45 Sa 
ACE al AO AB 
cos 45° = =——— 3 COL 4b? == 5 SCE 
BBG CB 1; cosec 45° = OB V/3, 
be B 
of a | 
| 
ae) a co ' 
Fig. 5. Fie. 6. 


(6) Ratios for 30° and 60°.—In the equilateral triangle 
ABC (Fig. 6), let AB=a; draw DB perpendicular to AC; 
AC will be bisected at D, making AD=}a, and the angle 
ABD=angle DBC=30°. 


Also DB =Va@—f@ =hav3. 


.. sin ABD =sin30°=42—1, tangoe-=42=1,;  sgecgo-4B- 2. 
9? ' 
AB? iE DB V8 
DB_Vv3. DB AB 
cos 80° = =—"; cot30°= =-Vv3; Oe EY 
Ge p AD 3 cosec 30° = AD = 2, 
sin DAB = sin 60? = PB V5, tan 60° = 25 = V3; sec 60° = 4B 2; 
AD_1 AD el AB_ 2 
cos 60°==—==-; coté60°= =—; cosec 60° = —— =—., 
AB 2’ DB V3 DB V3 


Note that the sines of 30°, 45°, and 60°, are 4V1, 1V2, and4vV3 re- 
spectively. 


15. The Ratios are not Independent of Each Other; for we 
have from Fig. 2, 
h2 = a? de 0%, 
so that if two of the three quantities h, 0, and a, are given, the 
third can be found. Hence if we know one of the ratios, that 
is, the relative values of two of the three elements, we can de- 
termine the relative value of the third element, and from it 


the other ratios. 
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Thus if tan « = 3, and the other ratios are required, we have 


panes ee let o= 38, a=4; thenh=5. 
a 4 
ee aie a 4 
i = COS = cot x =-;5 
o*% SIND js RR 3 A, 5 a Fo 3 3 
i Sec h g COSEC @ h 5 
Fe — 
an 4s OO ) 
Having given the ratio on the left, find the ratios on the right: 
sin @, cosa, tan x, cotaz. seca, cosec a. 
Oe aw 15 15 17 17 
Battnraens tia Ft 17 15 8 15 8 
5 7 sadip DPN Sinan aD eas 
Pees 13 5 12 5 
Ley, 7 24 X. 24 25 25 
ove BOR Seat 25 | 26 7 24 7 
1 2 i 1 
‘ SI Zeee sane erat ce a= == = = FAAS V6 
4 cot x ae a7 3 3 
29 21) 3d ci}! Stoned) hl aan 
rae chat yagee PPE 29 29 2 21 21 
1 PAE es 5 Shu ae 
6. cosecr=3... 3 3Vv2 : 4v2 2V2 4v2 == 


16. Measurement of Angles in the Field. —In Fig; 
FGHK represents a fixed graduated circle, and ABDE a 
circle resting on the plate FGHK, and capable of moving 
about a pivot at (; I and O are two small rods fixed to 


Fie. 7. 


ABDE, and perpendicular to the planes 
of the circles; and MW is a mark on the 
circle ABDE in the same line with J 
C,and 0. If we wish to measure the 
horizontal angle between two distant 
objects, two church towers, for ex- 
ample, we proceed as follows: first 
place the circles in a horizontal posi- 
tion; revolve the circle ABDE, look- 
ing along the line ZO, until the line of 


sight passes through one of the obiects, and note the reading 
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of the circle opposite the mark JZ; then revolve the circle 
ABDE, being careful not to move GHK, until the line of 
sight passes through the second object, and note the new read- 
ing of the circle opposite the mark M. The difference between 
the two readigges will be the angular distance required. 


17. The Engineers’ Transit, shown in Fig. 8, is used in 
measuring horizontal and vertical angles. ‘The lower circle is 
provided with two levels, to test its horizontality (indirectly). 


Fie. 8. 


The rods J and O are replaced by the telescope with a system 
of intersecting wires in the common focus of the object glass 
and eyepiece, the telescope being capable of rotation about 
an axis parallel to the horizontal circle. The circle fixed to 
the axis of the telescope is vertical when the plate bearing the 
upright supports is horizontal. 
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18. Illustrations of the Application of the Ratios.* 

1. A rope fastened to the top of a vertical pole 66 feet 
high, and to a stake driven in the ground, is inclined at an 
How far is the stake from the bottom of the 


angle of 30°. 
pole? How long is.the rope? 


B 
: CB 1 
Sf SUP === 
AC ae 3 
60 ., AO =+/3 CB = 60V3 feet. 
Cha eee 
PEE =e 1, Tipe ar. 
i .. AB =2CB = 120 feet. 


2. The angle at the vertex of a right circular cone is 60°, 


and the slant height is 10 inches. What is the altitude and 
the radius of the base of the cone ? 


B 
CB _ cog 30° = ¥3 
apo ae 
re ACR =VB 4p = 5V3 inches. 
46 asin 30° = 5. 
4 4 ; 
Tete .. AC=}4 AB=5 inches. 


B 3. The top of a ladder 30 feet 
long rests on the upper edge of a 
wall 15 feet high. What is the 


s 15 inclination of the ladder? 
CBG = 1 
os F sin CAB == 59-93 
ott but sin30°=}. ... CAB=30°. 


In these cases the ratios corresponding to the angles were 
known from Art. 14. Usually it will be necessary to refer 
to the tables in solving problems involving the ratios. 


* It is assumed that the ground is horizontal. 


CHAPTER II. 


RIGHT PLANE TRIANGLES. 


19. It has been shown in Geometry that a right-angled tri- 
angle can be constructed when two elements* besides the right 
angle are known, one of the known elements being a side. We 
also know that 

(1) The hypotenuse is greater than either of the other 
two sides. 

(2) The hypotenuse is less than the sum of the other two 
sides. 

(8) The sum of the two acute angles must be 90°. 

(4) The greater side is opposite the greater angle. 

(5) The square on the hypotenuse is equal to the sum of 
the squares on the other two sides. 


20. A triangle is said to be solved when, having some of the 
elements given, tbe others have been found by some process. 


21. The Solution of a Right Triangle is effected by means of 
the trigonometric ratios. Each equa- 
tion, as sinA =" contains three 

¢ 
quantities; and two of them must be 
known in order that the third may 
be found. Hence in any particular 
case we use the equations that con- 
tain the two given elements; thus, if 4 


. a 7 
a and 6 are given, we use tan A =i pees 


to find A, and then e may be found from either sin A =— Ol 
Ab c 
cos A = _. 
c 


* The elements of a triangle are the three sides and the three angles, 
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‘The equations used in the solution of riysht triangles are 


sin A =~ = cos B’. 
B é . 
6 ; 
cos A= -=sin B. | 
“ a 
c a cane ess i? cot B. ) Q) 
cot A Satan Fe. | 
A C . 
ae, Cm a | 
et = a2+ 92, 


22. From the Trigonometric Ratios we have 


tan A=" > @= Otani, 
eee 


B= = 
cot 5) 


d) 
*, a=6b cot B. 


or, any side of a right triangle ts equal to the other side multiplied 
by the tangent of the angle opposite, or by the cotangent of the 
angle adjacent, to the side itself. 


sin A = —. @=c sind, 


(2) 


cos B = *, a=ccosB, 


as a6 


or, any side is equal to the hypotenuse multiplied by the sine of 
the opposite angle, or by the cosine of the adjacent angle. 


sec A=-; .-. e=dsec A, 


(8%) 


cosec B= . c=bcosec B, 


os ons 


or, the hypotenuse is equal to a side multiplied by the secant of 
the adjacent angle, or by the cosecant of the opposite angle. 

Nors. — The secant of an angle is the reciprocal of its cosine, and the cose- 
cant is the reciprocal of its sine ; hence the logarithm of the secant is the arith- 


metical complement of that of the cosine, and the logarithm of the cosecant is 
the A.C. of that of the sine, or 


log sec x = colog cosa, and log cosec% = colog sin 2, 
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23. Case I. Given c and A. 


a=esinA. 
Formulas: . 6 =ccosA. 
B=90°—A. 


1. Solve the triangle when c = 1.0034, and A = 42° 10’.8. 
.. B= 90° — A = 47° 49'.7. 
(a) By natural functions. 
a@=csin A = 1.0034 x 0.67136 = 0.67364. 
b =ccos A = 1.0084 x 0.74114 = 0.74366. 
(6) By the use of logarithms. 
a=csin A; .. loga=loge + log sin A. 
b=ccosA; .:. log 6 = loge + logcos A. 


Always write first all the formulas that will be used in the 
problem; then write them in a form adapted to logarithmic 
computation; then refer to the tables and write the logarithms 
in their proper places. Thus in this case we arrange the work 
as follows: 


+ log sin A= (1) 
1 , losers (8) 
eam po taal +log cos A = (2) 
+ log sin A = + log cos A= nnn 
——— or .. loga=(1)+(8) (4) 
ss lOL Qi Pe cee = ie (6) 
05 = a: Mim 
.. logb =(2)4+(8) (5) 
= (7) 


The positive signs preceding log sin A and log cos A indicate 
that they are to be added to loge. 

We now find the angle A in the table of logarithmic func- 
tions and take from the table both log sin A and log cos A, 
writing them in their proper places. Then we refer to the 
table of logarithms of numbers and find loge, writing it oppo- 
site log c. Then we add the proper quantities to find log a and 
log b, finally looking in the table of the logarithms of numbers 
for the numbers corresponding to the computed values of log a 
and log 0. ; 

The arrangement on the right is preferable, since it saves 
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the writing of one line. The numbers in the parentheses indi. 
cate the order in which the quantities should be found. 


log ¢ = 0.00147 log c = 0.00147 or log sin A = 9.82695 — 10 
+log sin A = 9.82695 —10 +log cos A = 9.86990 — 10 log c = 0.00147 
log a = 9.82842 — 10 logd = 9.87187 10 108 008 A = 9.86000 — 10 
a = 0.67363 b = 0.74365 log a = 9.82842 — 10 
S a = 0.67363 
pee ney 2 log b = 9.87137 — 10 
@=(e+b)(c—b) > = 0,74365 
c+ 6 = 1.74705 SSS 
c— b=0.25975 
¢ a 
log (c + b) = 0.24230 
log (c — 6) = 9.41456 — 10 
A «. log a? = 9.65686 — 10 
A C log a = 9.82843 — 10 
Fie. 14. 


Exact agreement is not expected, since the tables give the values of the 
functions only to the nearest unit in the fifth decimal place. The —10 is usually 
omitted, and sin A is written for log sin_A, when there is no danger of confusion. 

2. Solve the triangle when c = 34.687, and B = 49° 8/4, 

Ans. A= 40° 51!.6; b = 26.284; a = 22.6925, 

8. Solve the triangle when c = 305, and A = 63°31/.14, using the natural 
en RE Ans. a =273.00; 6 = 136.00, 

4. Solve the triangle when c = 205, and B = 49° 33/.01, using the natural 
Seay : Ans. a = 183.00; b = 156.00, 


24. Case II. Givenc anda. 


= 


sin A = & 
F las : : 
ormulas : =acot A=ecosA 
B=90° — A, 


1. Solve the triangle when c = 8.7982, and a = 3.1292. 
.» logsin A = loga — loge; logb = loga + log cot.A = log c + log cos A. 


log a = 0.49544 loga = 0.49544 log ¢ = 0.94489 
—loge = 0.94439 +log cot A = 0.41958 +log cos A = 9.97063 — 10 
log sin A = 9.55105 — 10 log 5 = 0.91502 log = 0.91502 
A= 20° 50/1 b = 8.2228 6 = 8.2228 


B= 69° 91.9 eae 


( 
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| or * log cot A= 0.41958 (5) Check : 6? =(c — a)(c+ a) 
loga = 0.49544 (1) c—az= 5.6690, log (¢ — a)= 0.75351 
— loge = 0.94489 (2) c+ a= 11.9274, log (c + a) = 1.07655 
log cos A = 9.97063 (6) : log b? = 1.83006 
log sin A = 9.55105 (1)—(2) logb = 0.91503 
A = 20° 50’.1 (4) 
BaP We 
logb = 0.91502 { es 


b = 8.2228 


2. Solve the triangle when c = 369.27, and b = 235.64. ; 
Ans. A/= 50° 201.9; B = 89° 39.1; ja = 284.81. 


8. Solve the triangle when c = 281, and a = 160, using the natural functions. 
Ans. A = 34° 42'.5; 6 = 231.00 or 231.01. 


4. Solve the triangle when c = 365, and b = 76, using the natural functions. 
Ans. A =77° 58'.93; a = 357.00. 


25. Case III. Givena and B. 
a 
b 


Formulas: pee Me b 
sin A cosA 


B= 90° — A. 


tan A = 


1. Solve the triangle when a = 169.03, and b = 203.44. 


.. logtan A = loga — logb; loge = loga — logsin A = logb — log cos A. 


log a = 2.22796 log a = 2.22796 log b = 2.30843 
—log b = 2.30848 —log sin A = 9.80555 —10 —logcos A = 9.88602 — 10 
log tan A = 9.91953 — 10 log c = 2.42241 log c = 2.42241 
A = 39° 43/.3 c = 264.49 c= 264.49 
‘B= O07 167 
rT Pe. a ye eee he 
or *loga = 2.22796 (1) SUE OI Ay 
log sin A = 9.80555 (5) c+ b = 467.93 
log cos A = 9.88602 (6) c—b= 61.05 
log b = 2.30843 (2) log (c + b) = 2.67018 
.. log tan A = 9.91953 (3) log (c — b) = 1.78569 
AE aah eed w+. log a? = 4.45687 
Bee a eee loga = 2.22794 
logc = 2.42241 {( ee a 
(2) - (6) 
c = 264.49 


* This form is preferable. 
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2. Solve the triangle when a = 4.8199, and b = 2.6492. 
Ans. A = 61°12!3; B= 28° 47’.7; c = 5.5000 


8. Solve the triangle when @ = 60, and 6 = 91, using the natural functions. 


Ans. A = 33° 23/9; c = 109.00. 


4. Solve the triangle when a = 72, and 6 = 65, using the natural functions. 


Ans. A = 47° 55'.5; c = 97.000. 
B 


si 


26. Case IV.. Given a and A. 


b=acotA. : 
abs eee 6 
Formulas: es Try | 
B= 90° — A. AD , eo 
Fig. 18. i 
1. Solve the triangle when a = 613.35, and A = 40° 12.6, 
«. B= 90° — A = 49° 47'4, . 
log b = log a + log cot A. 
log c = log a — log sin A = logb — log cos A. 
log a = 2.78770 log a = 2.78770 logb = 2.86065 
+ log cot A = 0.07295 — logsin A = 9.80996 —10  —logcos A = 9.88291 — 10 
log b = 2.86065 log c = 2.97774 logc = 2.97774 
6 = 725.52 c = 950.04 c = 950.04 
or log sin A = 9.80996 (1) Check: a? =(c + b)(c—b) 
log a = 2.78770 (3) ¢ +b = 1675.56, log (c + b) = 3.22416 
log cot A = 0.07295 (2) c—b= 224.52, log (c — b) = 2.35126 
logc = 2.97774 (8) —(1) log a? = 5.57542 
c = 950.04 log a = 2.78771 
log b = 2.86065 (3) +(2) rT: 
b = 725,52 


2. Solve the triangle when a = 8.6378, and B = 69° 23/.5. 
Ans. A = 20° 36'.5; h = 9.67388; c = 10.335. 


8. Solve the triangle when 6 = 160, and A = 55° 17/.48, using the natural 
functions. : 
Ans. c = 281.00; a = 231.00. 


4. Solve the triangle when @ = 340, and A = 60° 55'/.85, using the natural 
functions. 
Ans. c = 389.00; b = 189.00. 
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27. Isosceles Triangles. —If a perpendicular to the base is 
drawn from the vertex, it will bisect the base and the angle at 
the vertex, forming two equal right tri- 
angles. 

eAbD—7DBC—7 8B. AB= BO; 
AD =D C= 4 b. 


1. Solve the triangle when. b = 2.1452, and 
8 =: 121° 14/.6. 
5G ADs Mag Asie) iP ayikase 
a = 90° — $6 = 29° 22/.7. 
ae le 
~ sing’ 


p= yzbcots8; .. logp=logdb + log cothe. 


.. loga = log4b — logsin} 8. 


log 4b = 0.03044 
— log sin} 8 = 9.94022 — 10 


log a = 0.09022 
@ = 1.2309 


log 4b = 0.038044 
+ log cot 48 = 9.75049 — 10 


log p = 9.78093 — 10 


p = 0.60385 


2. Solve the triangle when a = 52°10/.2, and a = 600.2. 
Ans. B = 75° 39'.6 ; 4b = 868.12; p= 474.07. 


28. Given ¢ and b (Special Method). — When 3d nearly equals 


v, the angle found from the formula cos A = is uncertain, the 
c 


tabular difference for the cosine 


being so small that a small error al 
in cos A would produce a large 
error in A. D 
In the figure, AD bisects the 
angle A, and D# is _ perpen- pe 
dicular to AB; ... DE= OD: 4 b Cc 
Let CD=xc= DE; EEO AD 
*, tanda= ; qd) 
Also, CB=a=CD+ DB=CD+ DEsece; 
a . 
nee) ISCO Gs TE aa 
a ab 
c= ea: (2) 
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From (1) and (2), 


tan da 2 Ne 
‘ e+6 e+6 (¢+ 6) 


.. tangas —. (8) 


Suppose that we wish to find the greatest distance at sea at which a moun- 
tain 4.3 miles high can be seen, the earth being considered as a sphere with 
a radius of 3963.3 miles, and the distance being measured as a 

A chord. 


——— p Let BA=4.3, and CB=CD=3963.3 ; BD being the distance 


required. Then cos DCA = . giving log cos DCA=9.99952 ; 
and DCA as found from the tables might have any value 
between 2° 40'.5 and 2° 42/.5. 
Using (3), we have 
CA-—CD= 4.3; log = 0.63347 
CA +CD = 7930.9; log = 3.89932 
2)6.73415 — 10 
log tan 1 DCA = 8.36708 — 10 


2 Cpl. 7"= 3.53620 
Fie. 18. log (1 DC'A)!= 1.90328 
2) + DCA = 80/035; .°. DOA=2° 40/07. 


Then BD=2CDsini DCA will give the chord BD. The are BD is found 
from the proportion : 
360°: DOA = 27 x 3963.8: arc BD. 


Nore. — Eq. (8) follows directly from (4), Art. 69: 


‘ 1 —co 
tan }a =/—“°S% | where cosa =2. 
1+ cosa G 


29. Given a and b (Special Method). — 
When a and 6 are nearly equal, the angle 
« may be determined more accurately, as 
follows : 

Draw AD, making CAD = 45°, and 
DE perpendicular to AB. Then 


o 


tan DAE = tan(a — 45°) = af 


But DE = DB cosa =(CB — CD) cose 


= (ab) cosine 
ec 
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and 
pea ee DB ning wo ee 
ec ¢ 
= 62 + ab 


c 
. DE _(a—56)b_a—b 
0 Vee ee 


.. tan (a — 45°) = 7 3 qd) 


If 6 were greater than a, the formula would be 


b—a 
ary 


tan (45° — a) = (2) 


Norr. — Eq. (1) may be found from the relation proved in Art. 100: 


a—6_ tan} (a— 8) 
a+6 tanji(a+ 8) 


, where } (a + B)= 46°, and $}(a — B)=a — 46° 


EXAMPLES. 


Nor. —The angle between the line of sight and a horizontal plane is called 
an angle of elevation when the point sighted on is above the horizontal plane, 
and an angle of depression when it is below the horizontal plane. 


1. The shadow of a vertical pole 30 feet high is 40 feet long. Find the 
elevation of the sun above the horizon. Ans. 36° 52!.2, 


2. The vertical central pole of a circular tent is 20 feet high, and its top is 
fastened by ropes 40 feet long to stakes set in the ground, the ground being 
horizontal. How far are the stakes from the foot of the pole, and what is the 
inclination of the ropes to the ground ? Ans. 34.641 feet; 30° 


$. The top of a lighthouse is 200 feet above the sea level, and the angle of 
depression to a buoy is 9° 52'.8. Find the horizontal distance of the buoy from 


the lighthouse. Ans. 1148.3 feet. 


4. The horizontal distance from a point to the vertical wall of a tower is 
1000 feet, and the angle of elevation of the top is 4° 15'.2. Find the height of 
the top of the wall above the point. Ans. 74.370 feet. 


5. Two points A and B are on the opposite banks of a stream. A line AC 
at right angles to 4B is measured 300 feet long, and the angle ACB is found by 


measurement to be 62° 30/.4. What is the distance from A to B rd 
Ans. 576.45 feet. 


6. From the top of a lighthouse, 150 feet above the sea level, the angle of 
depression to a buoy was 12° 10/.2, and that to the shore, measured in the: same 
vertical plane with the buoy, was 62° 14’.8. Find the distance in feet of the buoy 


from the shore. Ans. Log. Tables, 616.60; Nat. Tables, 616.61 
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%, The angle of elevation to the top of the vertical wall of a tower is 
20° 10’.4, and the angle of depression to the bottom is 10° 11/.6, the horizontal 


distance from the observer to the wall being 250 feet. Find the height of the 
wall. Ans. 136.802 feet. 


8. We wish to make a ladder that would reach from a point 20 feet in front 
of a building to the fourth story, a height of 45 feet. Find the length of the 
ladder and the angle it would make with the ground in this position. 

s Ans. 49.244 feet; 66° 2'.2. 


9. The ridgepole of a roof is 15 feet above the center of the garret floor, 
and the garret is 40 feet wide. What is the inclination of the roof to a horizon- 
tal plane ? Ans. 36° 52’.2. 


10. A chord of a circle is 20 feet long, and the angle at the center subtended 
by it is 46° 43/.6. Find the radius of the circle. Ans. 25.217 feet. 


11. The angle between two lines is 40° 12/.4, and a circle whose radius is 
5730 feet is tangent to both lines. Find the distance from the point of tangency 
to the point of intersection of the two lines when the circle is in the smaller 
angle, and when it is in the larger angle formed by producing one of the lines. 

Ans. 15655 and 2097.2 feet. 


12. The legs of a pair of dividers are set so that the angle between them is 
80° 24/4. What is the distance between the points, the legs being 6 inches 
long? Ans. 7.7460 inches. 


18. An equilateral triangle is circumscribed about a circle whose radius is 
10 inches. Find the perimeter of the triangle. Ans. 60V38 inches. 


14. A wedge measures 12 inches along the side, and its base is 2 inches 
wide. Find the angle at its vertex. Ans. 9° 33!.6. 


15. The side of a regular decagon is 2.4804 feet. Find the radii of the 
inscribed and circumscribed circles. Ans. 3.7400 feet ; 3.9325 feet. 


16. The area of a regular octagon is 24 square feet. Find the radius of the 
inscribed circle and the length of one of the sides. Ans. 2.6912 feet ; 2.2295 feet. 


17. The radius of the circumscribing circle of a regular dodecagon is 10 
feet. Find the area of the dodecagon. Ans. 300.00 square feet. 


18. A cord is stretched around two wheels with radii of 7 feet and 1 foot 
respectively, and with their centers 12 feet apart. Prove that the length of the 
cord is 12V3 + 10 r feet. 


19. A cord is stretched around, and crossed between, two wheels whose radii 
are 5 feet and 1 foot respectively, their centers being 12 feet apart. Prove that 
the length of the cord is 12-3 + 87 feet. 


20. Find the radius and the length of an arc of 1° of the parallel of latitude 
at a place whose latitude is 42° 43/.9, the earth being regarded as a sphere whose 
radius is 3963.3 miles. Ans. 2911.1 miles; 50.809 miles, 


21. The altitude of a right circular cone is 4.1436 feet, and the angle at its 
vertex is 20° 14’.2, Find its convex surface. Ans. 9.7780 square feet. 


or NE 
awface = HP nadine * lark hight 
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22. The altitude of a right pyramid with a square base is 14.453 feet, and 
the sides of the base are each 4.7036 feet. Find its slant height, its lateral edge, 
and the angle between a face of the pyramid and its base. 

Ans. 14.643 feet; 14.831 feet; 80° 45'.5. 


23. The base of a trapezoid measured 600.480 feet, and the angles at the 
ends of the base were found to be 62° 14’/.3 and 74° 18/.6. Find the length of 
the other base, the altitude being 40 
feet. Ans. 568,138 feet. 4 


24. Find the length of the perpen- 
dicular from the vertex of the right 
angle of a triangle to the hypotenuse, 
the hypotenuse being 6.4603 inches 
long, and one of the angles of the tri- 
angle being 40° 40/.4. 

Ans. 8.1984 inches. 


25. A street-railway track is 10 feet 
from the curbstone (FB= HD=10), Fie. 20, 
and in passing a corner where the : 
street is deflected through an angle of 60°, the rail must be 4 feet from the corner 


(@C =4). Find the radius of the circular curve. Wis, ye ee SE 
2— v3 
26. Before paying for a pavement, it was necessary to find the area shaded 
28750 


in Fig. 21. Prove that it is ———+ 7500 square feet, the streets being 
50 feet wide. v3 


D 


Jee SoS 


a 
JZ ec es sil |e eC ley nag dato? (oO Ve a I 
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~ H ci 
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E 
Fia. 21. Fie. 22. 


27. In the egg-shaped sewer (Fig. 22), C’ is the center of the are ADB with 
a radius a; J and J, of AF and BG respectively with the radii 3a; and H, of 
FEG with the radius 4@. Prove that its area is 
a(3e es 90478 = 2) = a(x e Pa a 3) = 4.59418 a, 


where a is the circular measure of the angle AIF, and 6 of FHH. (Note that 
area sector ALF = arc AF x 4.4L) 
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28. A hill rises 1 foot vertically in a horizontal distance of 30 feet. What 
is the difference of elevation of two points that are 1000 feet apart, the aistance 
being measured on the ground ? 

log tan a = 8.52288 — 10 
Cpl. 7! = 3.53611 


log a’ = 2.05899 
S! = 6.46365 — 10 


log sin a = 8.52264 — 10 
log 1000 = 3. 


log diff. of elev. = 1.52264 
diff. of elev. = 33.315 feet. 


29. The horizontal distance between the two extreme positions of the end 
of a pendulum 40 inches long is 4 inches. Through what aagle does it swing ? 


Half-angle = 2° 51’.96. Ans. 5° 43/.92. 


30. The angular diameter of the moon 
B is 31/12, and its distance is 238840 miles. 
Find its diameter in miles. 
BAD = 31'.12, and AC = 238 840. 
Ans. 2162.0 miles. 


31. The equatorial horizontal parallax 


D of the sun is 8//.8, and the radius of the 

Fie. 28. earth is 3968.3 miles. Find the distance 
of the sun from the earth. 

BAC = 8"'.8, and BC = 8963.8. Ans. 92 896 000 miles. 


$2. A circular chimney 100 feet high is 10 feet in diameter at the base, and 

8 feet at the top. Find the angle at the vertex of the cone of which it is a 
frustum. 

Half-angle = 34!.376. Ans. 1° 8!.752. 


Solve the following triangles, the first two elements being given: 
33. c= 0.02934, A=31° 14/2. ... B= 58° 45'8; a =0.015215; b = 0.025086. 
34. c= 4.6136, B=47°15'6. .. 4=42°44'4; @=8.1811; 6 =38.3885. 
35. c= 436.53, A=74°10'6. .. B=15°49'4; a@=419.98; b=119.03. 
36. c= 0.96724, B= 40° 40/2. .. 4=49° 1918; a@=0.73363; b — 0.63036. 


87. c= 110.97, a=67291, .*. A=87° 19/8; B=52° 40/2; >) = 88.236, 
88. c= 1843.7, b=61842. «+. A=70°24/1; B=19° 35'9; a= 17369, 
89. ¢ = 822.65, a=814.33. .*. A=81°50'5; B= 8° 915; b=116.74, 
40. c=0.03672, b =0.01296. .+. 4=69° 199; B= 20° 40'1; a = 0.034357. 
41. c= 48293, b=0.31485, .. 4=86°16.1; B= 8° 43/9; a=4.8191. 


a = 43.148, 


. a= 759.28, 


a = 7642.5, 


. a= 0.04326, 


a = 903.64, 


. b= 0.47922, 
. a= 8.4642, 
. b= 18.436, 
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b = 84.107. 
b = 51.85. 

b = 864.7. 

b = 0.54318. 


A = 22° 10'.3. 
A = 62° 16'.4. 
B= 30° 16'.4. 
B = 65° 15/6. 


. A=27° 9'5; B=62° 50/5; 
w. A4=86° 5/6; B= 8°54'4; 
w. A= 83° 32/.7; B= 6°27/8; 
w. A= 4°33'2; B= 85° 26'8; 


Se VISCO PLOR(G teaePaliie 8 
1. B=27° 43/6; a= 0.91176; 
..' A = 59° 43/6; 6 = 4.9409 ; 
o. A= 24° 44'4; a= 8.4954; 
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c = 94.530. 
c = 761.05. 
c = 7691.3. 
c = 0.54489. 


¢ = 2394.5. 
c = 1.0300. 
¢ = 9.80075. 
c = 20.299. 


Solve the isosceles triangles (Fig. 16) in the following examples, the first 
two elements being given: 


. a=57.906, 
. a=3.4782, 


a=99.674, 


. 6=0.96042, 


b=1146.48, 


. a=87.904, 


b=6.9044, 


. p=18.478, 
. p=0.46424, 


b=62.736. 


a=20° 20/6, 
B=40° 30/.4. 
a=70° 10/.4. 
B—80° 36/4, 
p=46.812. 
p=65.7806. 
a= 37° 19/8. 
B=100° 36’.8. 


2. a= 57°12'.05; B=65° 35/9; p=48.673. 
55 (SAISON MIB 


wt. B=105° 20/4; 


a= 69° 44/8; 


B= 39°39'.2; 
a= 49°41'8; 
a= 32°10’6; 
a= 59° 9/2; 


a= 39°41'.6; 


b=6.5224 ; 
b=69.008 ; 
a=1.4168; 
a=886.24 ; 


B=115° 38.8; 
p= 61°41'6; 


a=30.471; 
@=0.72690 ; 


p=1.2091. 
p=93.510. 
p=1.3319. 
p=675.87, 
b=148.806. 
a=6.7330. 
b=48.458. 
b=1.11865 


(CHATTER aE 
TRIGONOMETRIC FUNCTIONS OF ANY ANGLE. 


30. Generation of Angles. — An angle may be considered as 
generated by a line revolving about a fixed point, the vertex; 
thus OA revolving about O in the 
direction a, to the position OB, de- 
scribes the angle AOB. ‘The side of 
the angle from which the revolution 
takes place is called the inztial side, 


‘ on 
ss ue 


See and that to which the describing line 


Fie. 24, ; ; . 
= moves is called the terminal side. 


The letters describing the initial side are written first in the 
symbol of the angle, so that the angle AOB is one in which 
the motion is from OA to OB. 


31. Direction of Measurement.— The revolving line can 
move from OA to OB either in the direction marked a or in 
that marked 6. The former motion, contrary to that of the 
hands of a watch, is arbitrarily considered positive and the 
latter negative. Thus if the angle 2, between OA and OB, is 
30°, the angle AOB is either + 30° or — 830°. 

Any angle has two measures less than 360°, one positive and 

the other negative, their numerical sum 
90° being 360°, 


32. Quadrants. — For convenience 

: . the measuring circle is divided into 
bs 300 four parts called quadrants, as in the 
figure. An angle is in the first quad- 

rant when its value lies between 0° 

oe and 90°; in the second, between 90° 


Fre. 25. and 180°; in the third. between 180° 
30 
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and 270°; in the fourth, between 270° and 360°. Angles 
between 0° and — 90° are in the fourth quadrant; between 
— 90° and — 180°, in the third; between — 180° and — 270°, 
in the second; between — 270° and — 360°, in the first. 

Also, an angle between zero and 37 is in the first quad- 
rant; between 47 and 7, in the second; between a and 37, 


in the third; and between 37 and 27, in the fourth. 


33. Complement and Supplement. —'T'wo angles are said to 
be complementary when their algebraic sum is 90°, as 60° and 
30°, 120° and — 30°, 260° and —170°; and supplementary 
when their algebraic sum is 180°, as 120° and 60°, 230° and 
— 50°, 800° and: — 120°. 


Nortsz. —In Fig. 2, ; is the sine of B; that is, it is the sine of the comple- 


e 
ment of A, and hence it is called the cosine of A. 


Since 47 corresponds to 90°, and a to 180°, two angles are 
complementary when the algebraic sum of their circular meas- 
ures is $77, and supplementary when it is 7. 


. The complement of 200° is 90° — 200° = — 110°. 

The complement of 90° + x is 90° —(90°+ x) =— a. 

. The supplement of 200° is 180° — 200° = — 20°. 

The supplement of 270° + # is 180° — (270° + x) =— 90° — @. 


The complement of 7,7 is 47 —j 7 =— 2m. 


oP oO pe 


6. The supplement of $7 is —3a7 =— 37. 
Show that the complement of the first angle of each of the following pairs is 
equal to the second angle: 
7. 145° and —55°; 300° and —210°; —70° and +160°; —200° and +290°. 
8. 180°—x and —90°+a; 270°—2% and —180°+%; 360°—a% and 
= 270° + x. 


9. }randin; $7 and —7; r—2a and x—i7; 27+ and —j7-@. 


Show that the supplement of the first angle of each of the following pairs is 
equal to the second angle : 

10. 145° and 35°; 225° and — 45°; — 160° and 340°; — 70° and 250°. 

11. 270° —xand — 90°+ 4; 90° +2 and 90° —2;. x — 90° and 270° — x. 

12. Lr and$7; $rand - 37; %—m and2mr —«; $a +aand —ir—~«, 


34. General Measure of an Angle. —The line OA may be 
brought into the position OB by revolving either through the 
small angle z, or through that angle and then through any 
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number of complete revolutions in either direction. The 
general measure of the angle AOB 
is then not 2, but z+n 360°, where 
nm is any whole number, positive or 
negative. 
: The general circular measure of 
“~--—- the angle whose circular measure 
pie less than 2 is x would be x + 2n7, 
since 2a corresponds to a complete revolution. 


1. Show that 1000° is in the fourth quadrant.* 
1000° = 720° + 280° = 2 x 360° + 280°, two complete revolutions and 280° 
beyond ; 280° lies in the fourth quadrant. 
2. Show that — 3000° is in the third quadrant. 
— 3000° = — 2880° — 120° = 8(— 360°) — 120°, eight complete revolutions 
and 120° beyond in the negative direction ; — 120° lies in the third quadrant. 
8. Show that 5 (Bn + 3) is in the first quadrant. 
308" + 3)=2nx 27+ 57, 2n complete revolutions and 3,4 beyond; 
;*5 7 is in the first quadrant. 
4. Show that 1500° is in the first quadrant, 2690° in the second, 2720° in 
the third, 2100° in the fourth. 


5. Show that — 910° is in the second quadrant, — 1100° in the fourth, 
— 1400° in the first, — 1920° in the third. 


6. Show that 5 (10 n+ 6) is in the third quadrant, lan +2) in the 
second, 7 (8m +7) in the fourth, 3 x (3.n + 2) in the third. 


7. Show that 47 (10 — 1) is in the fourth quadrant, $m (15 n — 2) in the 
third, ¢7(— 9n — 2) in the third, } (10 n — 9) in the first. 


8. Show that (On +1) will lie in the third or in the first quadrant, 


according as n is odd or even. 
9. Show that the general circular measure of 0° is 2 nr, and not nz. 

10. Show that the general circular measure of 90° is (2n+4)7; of 180°, 
(2n+1)7; of 270°, (2n + 8)m. 

11, If « = 60°, show that one third of the general measure of # will be 20°, 
140°, and 260°, the terminal side of the angle for all values of 4% greater than 
260° falling in one of these positions. 

We have, using the general measure, 2 + n 360°, 

x = 60°, 420°, 780°, 1140°, 1500°, 1860°, .-. 
o's 3% = 20°, 140°, 260°, 380°, 500°, 620°, 
or 3% = 20°, 140°, 260°, 20°, 140°, 260°, ... 
if we reduce the values of }% that are greater than 360° to others .ess than 360° 
by subtracting some multiple of 360°. 


* That is, show that when the angle is 1000° the terminal side will lie in the 
fourth quadrant. 
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12. If x = 45°, show that 1% will be 15°, 185°, 255°, three values. 
13. If x = 20°, show that 1 will be 5°, 95°, 185°, 275°, four values. 
14. If%= 60°, show that 4% will be 10°, 70°, 130°, 190°, 250°, 310°, six 
values. 
15. If x= m°, show that 2 ~% will have m values less than 360°, as = 
360° m° EAU ra ms (n — 1) 360° 


n n n n n n 


35. The definitions of the trigonometric ratios in Art. 8 are 
applicable only to angles less than 90°. We shall now con- 
sider the more general definitions, of which those in Art. 8 
are special cases. 


36. Map Drawing by Coordinates.* — Let ABCD be a field 
whose map is wanted. From any point OQ in the field, measure 
the distances Oa, 0b, Oc, and Od, and also measure the dis- 
tances aA, 0B, cC, and dD, at right angles to X’OX. Lay off 
on the paper a line X’X of 
indefinite length, and take on 
it some point OQ to represent 
the point O in the field. Lay 
off Oa according to some con- 
venient scale; thus if Oa were 
200 feet, and the scale were 20 
feet to 1 inch, we would on the 
map make Oa 10 inches long. 
Then draw the line aA perpen- 
dicular to OX on the proper 
side of OX, and lay off on it 
the distance corresponding to 
aA according to the same scale, thus locating the point A. 
The other points would be located in a similar manner. 

Since Oa and Oc are measured from Q in contrary direc- 
tions, and aA and e@ are measured on opposite sides of XX, 
there is danger of laying them off in the wrong direction ; 
hence their directions must be carefully distinguished. 


Fie. 27, 


37. Coordinates. — The distance Oa, measured aiong X'OX, 
is called the abscissa of the point A; aA, measured parallel to 


* This is called the method of offsets. 
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Y'OY, the ordinate of A; and the two distances Oa and aA, 
the codrdinates of A. The line X'OX is called the azis of 
abscissas ; the line Y'CY, the azis of ordinates; and the point 
O, the origin of codrdinates. 
The abscissa of a point is its 
distance from the axis of ordi- 
ae nates measured on a line parallel 
B to the axis of abscissas. 
ae The ordinate of a point is 
its distance from the axis of 
abscissas measured on a line 
parallel to the axis of ordinates. 

The abscissa is positive when 
the point is on the right of the - 
axis of ordinates, and negative 
when it is on the left; the ordi- 
nate is positive when the point is above the axis of abscissas, and 
negative when it is below. If we consider the abscissas as 
measured from Y’O Y, and the ordinates from X'OX, they will 
be positive when measured to the right and upward respec- 
tively. 

Using the customary notation for directed lines,* Oc will 
represent a line measured from O to ec, and ¢cO will be measured 
from e to 0. The line cO measured to the right is positive, 
and Oc to the left is negative. Hence the codrdinates of 0 
are Oc and eC, or —cO and —Ce. For brevity, the codrdinates 
of a point are written in a parenthesis with a comma between 
them, the abscissa being written first; thus the point D is 
called the point (Od, dD). 

The ordinate of any point on X’OX is zero, the abscissa of 
any point on Y’OY is zero, and both codrdinates of the origin 
are Zero. 

The signs of the numerical coédrdinates of points in the 
different quadrants are as follows: 


when nnnensgoes 


Fig. 28. 


Quadrant..." Syn, DL ee eet Cee 
Abscissa 4“. 6) 2 a eee 
Ordinate «: ..:. / 7. eee ‘ie 
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38. Distance of a Point from the Origin. — Represent the 
abscissa of the point by a, its ordinate by 0, and its distance 
from the origin by 2. Then 


h=Va? + 0%, 


since h is the hypotenuse of a right triangle whose sides are a 
and o. Although h may be either positive or negative, it will 
be sufficient for our purposes to treat it as being always 
positive. 


Fig. 29. 


39. Trigonometric Ratios. —Take the origin of codrdinates 
at the vertex of the angle and the initial side as the axis of 
abscissas. From any point B on the terminal side of the angle, 
draw AB perpendicular to the initial side; denote the abscissa 
OA of the point by a, its ordinate AB by o, and its distance OB 
from the origin by A. The general definitions of the trigono- 
metric ratios are : 


ordinate 9 

: h a =] Se ee 

The sine of the angle Apa a 

: abscissa q 

The cosine of the angle = Aaah 

ordinate o 

The tangent of the angle =——___ = — 
abscissa @ (1) 

Th P t onthe ic abscissa a 

nN => ———_ = 

e cotangent oI ang are toes 

distance h 

The secant of the angle = ——__—. = — 

abscissa @ 

distance h 


j th leo, i, 
The cosecant of the ang Rcainate: me 
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Nore.—The origin is always at the vertex of the angle; the axis ot 
abscissas always coincides with the initial side; and the positive direction of the 
axis of ordinates is along the line that makes an angle of + 90° with the initial 


side. 


Prove that the following equations are true, using Eqs. (1): 


1. 
2 
3. 
4 


5. 


12. 
13. 


sec X% 


CONSOLES 
vsec? x — 1 = 
sec x= h. 
a 

h 

a 
= Bee a SE oe ae aan 
vsec? « — 1 (j@_ 4 V¥-@ ° 

a? 
. secx cosx=1. -7¥. tanaz cotzx= 1. 
cosec x sina = 1. 8. sin? 2+ cos?*x=1. 
. cosec? «= 1-4 cot?a, 9. sec?x=1 + tan? x. 
lee = sin &. 10. M1+ cot?x =sec x. 
V1-+ tan? 2 cot x 
»/ 2 = 2 
Meosec? ¢ — 1 _ agg x. 11. Al Oe Se eee Le 
cosec x cosec 24 —1 
2(p2 — a2 
(tan x — cot x) (tan x + cot x) = eos = sec? x — cosec? x. 
07a? 

(tan x + cot x) sin x cosx=1. 


Construct geometrically the angles, and compute the corresponding ratios in 
the following examples: * 


Quadrant. Sin. Cos, Tan. Cot. Sec. Cosec. 

14. sinz=+3. # £x21 _ +. +4. +4. +$. +8. 
i —4. = ee +. 

15. sinez=-}. I — —3v2. +3V2. +2V2. —3v2. —3. 
IV. — +3V2. —1v2. -2V2. +3V2. —3. 


16. = cosz=+}. I. +3V3. — n/8, Ea vo oe +3V3. 


IV; “= hvV3. — -—v3. —1iv3. +2. —2v3. 


17%. cosr=—}. TL 422. = = 824 3 ee +3v2. 
Ill, —2Vv2. _ +2V2. +172. —3. -3v2. 
18. tanz=+}. TL 43V5. +26. — 42. +4V5. +5. 
Ill. —3}V5. —3V5. — +2 -iv6. —Vv65. 


19. tanz=-2. Il +2V5. —2V6. — —}. _-v6b. +4vé6. 


Iv. -—3vV6. 41V6. — -} ¢+v6. ~}V65. 


* See Arts. 11 and 15. If sin is positive, o must be positive, since h is 
always positive, and the angle lies in quadrants I. and IL, 
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Quadrant. Sin. Cos. Tan. Cot. See. Cosec. 
20. cotz=+4. I. +3. +4. +. — +2. +§ 
il. —3. 4. +4. — —£. —$. 
21. cotzm—3, IL +75V10. —3,V10. -2. — -ivI0.'+VI0 
IV. —y,V10. +3,V10. -}. — +}V10. —Vvi0 
22. secz=+3. - I 427%, “+1. +2V2. +1V2, — +43v2. 
IV. -3V2. +1. —2V2.-1V2. — —}Vv2, 
23. secr=—$§, Il +4. —i. —4. —i. — +f 
Ill. —#. —i. +4. +4. —- 
Becca Les 4. Sp ue 4g 
Tl. +75. —ti fp ie Ti. ae 
25. cosecx=—35, III. —y,. — 34. t+yy +34. —2E. _ 
IV. —y. + 3. —yy —F%AL +28. a= 


40. Trigonometric Functions. — One quantity is said to be a 
function of another when it depends upon the latter for its 


‘value. Thus, if y = sing, y is a function of 2, since it depends 


upon x for its value, any change in the value of 2 producing a 
change in the value of y. 

The trigonometric functions are the sine, cosine, tangent, 
cotangent, secant, cosecant, versed sine, coversed sine, and 
suversed sine. The last three are defined by the equations: 


The versed sine is vers x = 1— cosa. 
The coversed sine is coversxa=1-— sina. (4) 


The suversed sine is suversx=1+ cosa. 


41. Geometrical Representation of the Functions. —Inu Fig. 30 
let the radius OB, of the circle described about the vertex O 
of the angle AOB as a center, be unity, and let the angle AOY 
be equal to 90°. NM and FD are tangent to the circle at 
X and Y respectively; the triangles OAB, OXM, and OYD, 
are right-angled; and the angle YDO is equal to the given 
angle AOB. Then the trigonometric functions of the angle 
AOB are represented by the lines shown in the figure. For, 
in Figs. 2 and 29, B is any point on the terminal side OB 
of the. angle AOB, and therefore we may choose the position 
of B so that OB, or A, shall be equal to unity. Comparing 
Fig. 30 with Figs. 2 and 29, and using the definitions in 
Arts. 8, 89, and 40, we see that 
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sin AOB == 25 = AB. 
cos AOB = 5 = Of = OA. 
tan AOB =" = aa = ae = XM 
cot AOB = 4 = TS = a = tea YD. 
cc Oe ae oe = OM, 
Sab AG Be ee OE oD 


vers AOB = 1—cos AOB= OX —OA= AX. 
covers AOB = 1—sin AOB = OY —O0C=CY. 
suvers AOB =1+4 cos AOB= X'O + OA =X'A. 


The trigonometric functions are ratios,— pure numbers,— 
and are represented by these lines in the circle whose radius is 
unity; that is, they are actu- 
ally equal to the ratios of these 
lines to the radius. , 

If, with a radius of unity 
and the vertex of the angle as 
the center, a circle be described 
and two tangents be drawn, one 
where the initial side OA cuts 
the circle, and the other at a 
distance of + 90° from this 
point (at X and Y respec- 
tively), the trigonometric functions will be represented as 
follows : 

The sine of an angle will be the perpendicular distance from 
the point where the terminal side of the angle cuts the circle, to 
the initial side, produced if necessary ; positive when it is above, 
and negative when below, the initial side. Thus sin AOB= AB} 
sin AOH= GH, sinAOK= GK, sin AOL=AL. AB and! 
GH, above X'OX, are positive, while GK and AZ are nega- 
tive, being below X’OX. ‘The sine is therefore positive when 
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the angle is in the first or second quadrant, and negative when 
it is in the third or fourth. 

The cosine will be the distance from the center to the foot * of 
the sine ; positive when measured to the right, and negative to the 
left, of the center. Thus cosAOB=OA, cos AOH= OG, 
cos AOK = OG, cos AOL = OA. OA, measured to the right 
of the center, is positive, while OG, measured to the left, is 
negative. The cosine is therefore positive when the angle is 
in the first or fourth quadrant, and negative when it is in the 
second or third. 

The tangent will be tie distance along the line tangent to the 
circle at the point where the initial side cuts the circle, from this 
point to the point where this tangent is cut by the terminal side of 
the angle, produced tf necessary ; positive when measured above, 
and negative when below, the initial side. Thus tan AOB= XM, 
tan AOH = XN, tan AOK= XM, tanAOL=XN. XM, above 
X!' OX, is positive, and XW, below X'OX, is negative. There- 
fore the tangent is positive when the angle is in the first or 
third quadrant, and negative when it is in the second or fourth. 

The cotangent will be the distance along the second tangent 
(FYD) from the point of tangency to the point where this line is 
cut by the terminal side of the angle, produced vf necessary ; posi- 
tive when measured to the right, and negative to the left, of the 
point of tangency. Thus cot AOB=YD, cot AOH= YF, 
cot AOK = YD, cot AOL = YF. YD, measured to the right, 
is positive, and YF, measured to the left, is negative. There- 
fore the cotangent is positive when the angle is in the first or 
third quadrant, and negative when itis in the second or fourth. 


Norr. — The positive directions of measurement are above X'OX and to 
the right of Y’OY, and the negative are below X’OX and to the left of YOY. 


The secant will be the distance from the center along the ter- 
minal side of the angle, produced if necessary, to its point of 
intersection with the tangent at the point of intersection of the 
initial side with the. circle; positive when measured along the 
side itself, and negative when along the side produced. Thus 


sec AOB= OM, sec AOH= ON, sec AOK= OM, sec AOL= ON. 


* The foot of the uine is the point where the perpendicular iine representin.; 
the sine cuts the initial side, produced if necessary. 
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Since sec AOB and sec AOL are measured along the terminal 
side itself, they are positive. ‘The terminal sides (OH and 
OK) of the angles AOH and AOK must be produced in order 
that they may intersect the tangent line VM, and therefore 
sec AOH and sec AOK are negative. Hence the secant is 
positive when the angle is in the first or fourth quadrant, and 
negative when it is in the second or third. 

The cosecant will be the distance from the center along the 


terminal side, produced if necessary, to its intersection with * 


the second tangent, FYD; positive when measuréd along the 
side itself, and negative when along the side produced. ‘Thus 
cosec AOB = OD, cosec AOH = OF, cosec AOK = OD, 
cosec AOL = OF. Since cosec AOB and cosec A OH are meas- 
ured along the terminal side itself, they are positive, while 
cosec AOK and cosec AOL, measured along the side pro- 
duced, are negative. Therefore the cosecant is positive when 
the angle is in the first or second quadrant, and negative when 
it is in the third or fourth. 

The versed sine (1 —cosx) will be the distance from the foot 
of the sine to the point where the initial side cuts the cirele; 
always positive, because cosx can never be greater than the 
radius, or unity. Thus vers AOB = AX, vers AOH = GX, 
vers AOK = GX, vers AOL = AX. 

The coversed sine (1 —sinx) will be the distance from the 
point C or P, where a line drawn through the point of intersection 
of the terminal side and the circle parallel to the initial side cuts 
Y'OY, to the point Y ; always positive, since sinx can never be 
greater than the radius, er unity. Thus covers AOB= CY, 
covers A OH = CY, covers AOK = PY, covers AOL = PY. 

The suversed sine(1+cosx) will be the distance from the 
point X', where the initial side produced euts the circle, to the 
foot of the sine; always positive, sinee cos x can never be alge- 
braically less than minus unity. Thus suvers AOB= X’A, 
suvers AOH= X'G, suvers AOK=X'G, suvers AOL=X'A. 

Notr. — These lines represent the trigonometric functions, only when the 


radius of the circle is unity ; the functions are really equal to the lengths of 
these lines divided by the radius, i.e. they are pure numbers, 


42. Changes in the Values of the Functions. —Let OX be 
the initial side of the angle, and let the terminal side first 


) 


_ * at 90° it is equal to the radius, 
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coincide with OX, and then, in revolying about O, come into 
the positions OM, OY, OH, OX’, OK, OY’, ON, and OX, and 
let us consider the resulting changes in the values of the sine 
and of the tangent. . 

The sine of 0°, the terminal side coinciding with OX, is 
zero. As the angle increases, 
the sine, being positive, also in- 
creases (sin AOB = AB), until 


or +1(sinAUY= OY). The 
sine then decreases (sin AOH 
= GH), still being positive; 
and at 180° it is zero, the ter- 
minal side coinciding with OX’. 
The sine then becomes negative, 
and decreases algebraically, in- 
creasing numerically (sin AOK= GK), until at 270° it is 
equal to the radius, or —1 (sin AOY’= OY’). It then in- 
creases algebraically, decreasing numerically (sin AOL=AL); 
and at 360° it again becomes zero. 

The tangent of 0° is zero; the tangent then becomes posi- 
tive, and at 90° it is infinite, the terminal side being parallel 
to XM; then negative, and at 180° it is zero; then positive, 
and at 270° it is infinite; then negative, and at 360° it is zero. 
Just before the terminal side reaches the position OY, the 
tangent is positive, and just after, it is negative; therefore 
the tangent of 90° is +oo, the upper sign being that of the 
function of an angle a little less than 90°. 

The table gives the values of the functions of 0°, 90°, 
180°, 270°, and 360°, and their signs in quadrants I., II., III., 
and IV.: 


0° I 90° II 180°, III 270° IV 360°, 

sin. 0 + +1 + 0 - —1 _ 0 

cos. ais, VI all, 0 _ -—1 _ 0 + +1 

tan. 0 + (oo) — 0 + co — 0 

cot. roo) + 0 _ a) + 0 — roo) 

see. | +1 Je ee = =i os 00 ae |) ae] 
cosec, ce) + +1 + — —1 _ 
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43. Limiting Values of the Functions. —'The sine and cosine 
may have any value between +1 and —1, but they cannot have 
a value numerically greater than unity. 

The tangent and cotangent may have any value between 
+o and —w; that is, no matter what a number may be, there 
will always be some angle that will have that number as 
the value of its tangent, and another having it as its co- 
tangent. 

The secant and cosecant may have any value between +1 
and +0, or —1 and —o; but they cannot have a value numeri- 
cally less than unity. 

The versed sine, coversed sine, and suversed sine may have 
_ any value between zero and + 2. 


Nore. —In the first quadrant, all the functions are positive, and the sine, 
tangent, and secant increase as the angle increases; while the cosine, cotangent, 
and cosecant decrease as the angle increases. 

Norr. — The functions change signs only when they pass through the values 
zero and infinity. 


44. Graphical Representation of the Functions. — Let the dis- 
tance OL represent 360°, so that 1° is represented by 34, 0L. 
At C, such that O° =40Z, draw a line perpendicular to OL, and 


Fie. 82. 


lay off on it any convenient distance Cc, to represent the sine 
of 90°, above the line OZ, since sin90°=+1. At A, such that 
OA = + OL, lay off Aa = 4Ce, since sin 30°=+4; at B, such 
that OB = 101, lay off Bb =Cevi, since sin 45° = + vi hgh 
such that OH = 801, lay off Hh= Cev4, below OL, since 
sin 225°= —V1; and so on, locating as many points a, 6, ¢, h, 
etc., as may be necessary. Draw a smooth curve through Q, a, 
b, c, d, e, F, h, t, 7, L, and we have the sinusoid, in which the 


8 a. 


. a ae 
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vu 


abscissas correspond to the angles, and the ordinates to their 


' gines. 


We might have taken OL F Y cot D 
equal to the circumference of 
the circle whose radius is unity, x 
and Ce equal to this radius. y 
The scale would then have been 
the same for both the ordinates 
and the abscissas. 

The graphical representa- 
tions of the other functions 
may be constructed in a similar 
manner. 


Fig. 33. 


45. Two Angles correspond to Any Given Function. — In 
Fig. 33 let the ares YB, YH, Y'K, and Y'L be equal; there- 
fore the ares XB, X'H, X'K, and XI are equal. Hence 

AB=GH=00C; AL=GK=OP; OM=O0ON; OD=OF. 
OC is not equal to OP since they have contrary signs, OC 
being positive and OP negative on account of their directions. 

AB=sinXOB; GH=sin X0H; 
-, sin XOB = sin X OH. 
GK=sinX0K: AL=sinXOL; 
-, sin X OK = sin X OL. 
Therefore two angles that differ by equal amounts from 90°, or 
from 270°, will have the same sine; thus sin (90° + 2°)= 
sin (90° — 2°), and sin (270° + 8°) = sin (270° — 8°). 


Norr. — The two angles corresponding to a given function may be identical ; 
thus, if sinz =+ 1, the only value of x is 90°, or 90° — 0° and 90° + 0°. 


Again OA = cos XOB = cos XOL; 
and OG = cos X OH = cos XOK. 
Therefore two angles differing by equal amounts from 0°, from 
180°, or from 360°, will have the same cosine ; thus cos (—5°) = 
cos 5°, cos (180° +.5°) =cos (180°—5°), and cos (360° —10°) = 
cos 10°. 

Also XM = tan XOB = tan XOK; 
and XN = tan XOH = tan XOL. 
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Therefore two angles differing from each other by 180° will 
have the same tangent; thus tan 140° = tan 820°. 

YD = cot XOB = cot XOK; 

YF = cot XOH = cot XOL. 


Therefore two angles differing from each other by 180° will 
have the same cotangent; thus cot 200° = cot 20°. 


Also +OM=secXOB; +ON=secXOL; 
-. sec XOB = sec XOL. 

—OM=secXOK; —ON=sec XOH; 
. sec X OK = sec X OH. 


Therefore two angles differing by equal amounts from 0°, from 
180°, or from 360°, will have the same secant; thus sec (— 5°) = 
sec 5°, sec (180° — 8°) = sec (180° + 3°), and sec (360° — 5°) = 
sec 5°. 


Again 


and 


Again +OD=cosecXOB; + OF =cosec XOH; 
*. cosec _X OB = cosec X OA. 
— OD=cosec XOK; —OF=cosec XOL; 


-. cosec_X OK = cosec X OL. 


Therefore two angles differing by equal amounts from 90°, or 
from 270°, will have the same cosecant ; thus cosec (90°+10°) = 
cosec (90° — 10°), and cosec (270° — 60°) = cosec (270° + 60°). 

The four angles XOB, XOH, XOK, and XOL, have the same functions 


numerically. Thus if sinz =+ 4, x will be 30°, 150°, 210°, and 380°; the first 
two corresponding to the value + 4, and the last two to — 1. 


EXAMPLES. 


1. What angle bas the same sine as 140°? Ans. 40°. 
2. What angle has the same sine as 220° ? Ans. 320°. 
3. What angle has the same cosine as 330°? Ans. 30°. 
4. What angle has the same cosine as 220°? Ans. 140°. 
5. What angle has the same tangent as 230° ? Ans. 650°. 
6. What angle has the same tangent as 300°? Ans. 120°. 
7. What angle has the same cotangent as 240°? Ans. 60°. 
8. What angle has the same cotangent as 110°? Ans. 290°. 
9. What angle has the same secant as 315°? Ans. 45°. 
10. What angle has the same secant as 160° ? Ans. 200°. 
11. What angle has the same cosecant as 110°? Ans. 70° 
12. What angle has the same cosecant ag 300°? Ans. 240°. 
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Find the values of @ less than 360° in Exs. (13-24) : * 


18. sing =— sin 200°. Ans. 20°. 19. cot@=—cot105°. Ans. 75°. 
14. sing =—s8in100°. Ans. 260°. 20. cot @=— cot205°. Ans. 155°. 
15. cos? =—cos150°. Ans. 30°. 21. secOé=—secl40°. Ans. 40°. 
16. cos@=—cos300°. Ans. 120°. 22. sec@=—sec325°. Ans. 145°. 
17. tan @ =—tan 350°. Ans. 10°. 23. cosec @ =— cosec 120°. Ans. 240°. 
18. tang =—tan 230°. Ans. 130°. 24. cosec @ =— cosec 355°. Ans. 5°. 


25. cos80=+1¥V3. Find three values of @ less than 180°. 
86 may be 30°, or 330°, or these values plus any number of circumferences; 
.*. 36 = 380°, 390°, 750°, ---, 330°, 690°, 1050°, --- 
«= @=10°, 180°, 250°, ---, 110°, 230°, 350°, --- 
Ans. @ = 10°, 110°, 130°. 
26. sin26——i. Find four values of @ less than 360°. 
Ans. 105°, 285°, 165°, 345°. 
27. tan3@=—1. Find six values of 6 less than 360°. 
Ans. 45°, 165°, 285°, 105°, 225°, 345°. 
28. sec5@=-—2. Find five values of @ less than 180°. 
Ans. 24°, 96°, 168°, 48°, 120°. 
29. cot5}@=+1. Find five values of @ less than 180°. 
Ans. 9°, 81°, 153°, 45°, 117°. 
30. cos49=—1. Find four values of @ less than 180°. 
Ans. 30°, 120°, 60°, 150°. 
31. sin@=4. Show that the general measure of @ is (2n+3)"+ 3m. 
9 =30° and 150°, or 90° — 60° and 90° + 60°, or 90° + 60°, or jr +47. 
But the general measures of 6 are these values increased by any number (n) of 
circumferences. .°. 0=2nr+inrnt+inrw=(2n+}4)74+ 37. 
32. sind =+ 12, tand=— 1; the general measure of @ is 2nm+ $7. 
Note that @ is in the second quadrant, since its sine is positive and its tan- 
gent is negative. 


33. cos6=—1, cosec@=+ moe the general measure of @ is 2nm + 6, 
2 


39 
2 

where 6! is the value of @ that aeeae 4m and r. 

34. cos 9 =— }; the general measure of @is(2n+1)74 $7. 

35. sin2@=+4; the general measures of @ are (2n+})7+ fa, and 
(2n+$)4r+i47; or, more simply, (n+ })7 +37 

36. cos30=—4; the general measures of 9 are (2n+})4+ $7, 
(2Qn+1)r44}7, and 2Qn+$)7+ 1a; or, more simply, {(2n+1)7+ 47. 


Construct geometrically (Art. 11) the two angles when 


87. sin =+ }. 41. tanx=+2. 45. secx=+3. 
88. sing =— }. 42. tan % =— 34. 46. secx =— §. 
$9. cosx=+ 2. 43. cot *=-+ 2. 47. cosecz =+ 6. 
40. cosx=— 3. 44. cot x =— §. 48. cosec z= — §. 


* Only one of the two answers is given. 


CHAPTER IV. 
RELATIONS BETWEEN THE FUNCTIONS OF ONE ANGLE. 


46. Relations between the Functions of One Angle. 


2 2 
2 HOY. ae ws 
RB + a= h; ed : 
. sin? a + cos* w= 1. (1) 
h 3 is : 
freee! h sing 
vy Pa dose 
h 
a a: Mo sin a 
Fig. 84, ote fan > (2) 
se a . 
Cho ee (3) 
_ COSH 
ox. cota = (4) 
j2 02 
f2 - az de 02 oe. as 
; a2 a2? 
-*. sec? w = 1 + tan? a. a : (5) 
9) ero. 2. oe a Lay 
i? = 0? + a?; SH ig aes 
* Cosec® x = 1+ cot? x. (6) 
Lhe 
B00 at oat : Ch 
_— ede 1 
CORO = oat (8) 
vers x = 1 — cosa. (9) 
covers x = 1 — sina. (10) 
suvers x = 1+ cosa. (41) 
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Norr. —These formulas may be easily remembered by the use of Fig. 30, 
where 


AB? + 042 =OB*, or sin?x+cos*%=1. 


XM _AB sin % 
tan 2 = —— = — Oo u = ° 
Ox OA : seine cos %& 
VDE CB cos & 
cots = —— = ~ , LoS . 
oyiaoom Soe Maing 


OM? =O X24 XM?, or sec? x =1-+4 tan*a. 


OD? = OY? + YD?, or cosec?* = 1 + cot? a, 


47. To express One Function in Terms of Each of the 
Others. —Suppose that we wish to find expressions for sin x 
that shall contain only cosa, tana, cot, seca, and cosec % 
respectively. From the preceding article we have: 


: ea 
sin? 2 + cos?z = 1, and cosec x = ——3 
sin x 


.. sing =+V1 — cos*a, 


and sin 7 = ———- 
cosec x 


The other expressions are derived from these as follows: 


sin «= 4 =+ E , from (6). 
cosec & 1 + cot? x 
1 1 tan x 
ee from (8), 
V1 + cot? a i+ 1 Vi+tan?2 ( 

tan? « 
2 —_ 

tees vsec?% — 1° from (5). 


V1 + tan? x Sec & 


The double signs are due to the fact that there are two 
angles corresponding to any given function; thus if cosx= 9, 
the angle might be either in the first or in the fourth quadrant, 
and the sine would be positive in the first case and negative 
in the second. It will be seen that if any one of the functions 
is given, all the others found from it will have the double sign, 


except its reciprocal. 
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In the same way it may be shown that * 


I = 1 cot % 1 _ vVecosec?x —1 
cosa = VL sin See 
Vi+tan2x Vil-+cot?x, secx cosec x 
tan oo me He yg C00" ee a eee 
V1 — sin? x cos & cot x Vecosec? x — 1 
cot x NATSU eee ree 1 = Vcosec?z — 1. 
sin % Vi-—costg tane /sec2?z —]1 
V 2 
secx = 1 os 1 = V1 + tantg=Vitecotts_ __cosecx _ 
Vi—sin?% cos% cot % Veosec? x — 1 
Vv z sec x 
oosed =: es 1 Yet a yi +.c0t? = ——_—_— 


sin x 1 — cos? x tan % Vsec? x — 1 


If any one of the functions is given, the others may be 
found from these formulas. It is easier in general to find first 
the sine and cosine, and then to find the others: 


48. Find the Unknown Functions in the Following : 


1, tanz ieee « being in the fourth quadrant. Compute 
: the numerical values of the ratios 
by the method of Art. 15, and then 
select the proper signs for the func- 
tions in the fourth quadrant. Thus let 


0 = 3, a=4, h=5; 


Fie, 35, | .. sing= — * cosa = + , 
cota = —F, seo = +2, coseoa= — 2. 
2. tan = 2, x being in the third quadrant. Then 
Sine = eee cosz= 4. 2 a ele 
V1 + tan? x V5 V1 + tan?z V5 


These convenient formulas may be easily remembered from 
Fig. 35. Knowing sin x and cos x, we can now find 


i 1 al 
cot = = =3 = a . 
o tan z y) pees cosz V5; 
coset z = a ee 
sin x De * 


* The radicals should be taken with the double sign. 
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2, cotz =— 2, z being in the second quadrant. 
. cosecx=+ V1 +4 cot*r= + V5; <iip ppc at gh 
cosec x V5 
Coe ee ey ie ee ee eee 
cot x 2 
1 al 
sec 2 =—_ = — = V5, 
COS & 2 
4. secz =— 11, x being in the third quadrant. 
ee =e 15 
=e COS SE = -=——3; sinz=+V1l—cos*t=——; 
sec x Tye 1% 
isi 15 8 Li, 
tanag@ 87+ —; cota =+-——; cosecra = ——. 
COs x 8° TS 15 
§. sing =— +, x being in the third quadrant. 
.. cosa =— $; tanz=+ 4; cotx=+ 3; secx=— $; cosec % = — §. 


6. cosx=+ 2, x being in the fourth quadrant. 


. sing =—1iV6; tang =—}V5; cots =—%V5; secx=+ $4; 


cosecx =— $V. 
7. tana =— +,, x being in the second quadrant. 
. sing =+ #;; cosz=— }2; cotx=—}2; secx=— HH; cosec% = + 3. 


8. cota =+ 5%, x being in the third quadrant. 


. i =— 24. = 7 
. sing =— 24; cos% =— a5. 
9. secx =— 11, x being in the second quadrant. 
. cosr =— 45; sing =+ 75; tanx=— x. 
10. cosecx =— 4, x being in the fourth quadrant. 
.. sing =— g,; cosx=+ $2; tanz=— x 


1. Ifsin}é@ See where s = Cees show that 


cos 4 0 ase =9. 


12. If tan }0 aay ees J) Cea Wheres = show, that 
s(s —C) 2 
_ ,[s—°) 
cos 4 0= V ee 


13. If sec@ =a, show that sin@ is imaginary if a is numerically less than . 


anity. 


& 
+ Ws 
sin 6 = V1 — cos =4/1 — 1 =e = 
sec? 0 a? a 


orocKk. TRIG. —4 
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14. If tan @ =a, show that cosec 6 is real for all values of a. 


15. If cos@=a, show that cosecé is imaginary when a@ is numerically 
greater than unity. 


49. The Signs of the Functions are given by the formulas 
of Art. 46, so that it is necessary to remember only that the 
sine is positive in the first and second quadrants and the cosine 
in the first and fourth. Thus, in the second quadrant, 


sin x cosz. — 
tan z= =t=—; cote=% =—=-—3 
cosz — sinz + 
il 
sec a = eels cee cosed 2 =: eee 
cosx — sin z 


50. Find the Values of the Following Expressions : 


1. 


versz tanz — 1 
Sec @ 


when tanz=4, 2 being in the third 


quadrant. Find the numerical values of versz and secz, and 
substitute. 


nae cose = — secz=—VI1iT, versz= 1 + —_ 


1 
V1IT 
leat as 


V1IT _4vV17+4-V1T_ 38V17+4 


; EIN Gi; ie Szary Ti 


sin x sec x 


when vers # = 3, x in the fourth quadrant. Ans. + 15. 
COS & Cosec x 


tan x — cotx 


when cosec  =— V5, a in the thi ae 
Gin cots : third quadrant. Ans. 


5 


seca + sina 


when cot x =— 4, a in the second quadrant. a 
cosec a” + cos x be : pk re A 
sina + tana 
—--—__———. when sec & = — 5, x in the third quadran 3 
cosa + vers x = 2 eee ta 
sec @ — vers « : 
——_———— when cot x =— 2, x in the second quadrant. 


sec x + vers x 
‘Ans. 2+. 2¥5 _ _ 29+ 20V5_ 
122V5 19 
sing + tan? ' 
AO bs eS Tee: when sec x = — $, xin the second quadrant. Ans. pis. 


seca + sin x 


looorg When tan = 2, xin the third quadrant. Ans. -- 14-6, 


| FUNCTIONS OF ONE ANGLE. 51 

9, cosee e 7 800% hen seez = +10, x in the fourth quadrant. 

cot x cos x 
Ans. -- 20. 
BG ee OSE when Cot x a= 2, x in the second quadrant. Ans. — 3. 
sec % + cosec 

11: = when sina =— 2, x in the fourth quadrant. 

Ans. — 2V5. 


51. Change the Given Expression to Another containing only 
One Function : 
1 2 sec? a + sec? 2 tan? 2 — sect x 
sec? a — 1 


to contain only cosec z. 


It is best generally to change the expression to another con- 
taining onlyygin 2 and cosa, and then to change this into one 
containing the proper function. 


2 gin@ x 1 
_ cos? x cost2 costx 2cos*x+sin?2—1 
e ° — Sa ee Pare 
Le cos? 2(1 — cos? x) 
cos? x 
_ 2-2 sin?2+sin?2—1 _ Se bene ae 
(1—sin? x) sin? x (1—sin? x) sin? sin? 
sin? 2 — cos? x A 
2. to contain only tan z. 
vers x — Covers & 
in? 2 — cos? z : tan x 1 
°. ea SN SOO == se 
1—cosx—1+sinx Vi+tan?2 V1+tan?2 


where the signs used will depend upon the quadrant of z. 
1+ tanz 
NV ieetan & 
corresponds to x in the first or fourth quadrant, and the nega- 

tive to x in the second or third. 
Use radicals as little as possible. 
tan‘ x 
(1 + tan? x)? 
j = in2 7)2 
A, eee OS 4 sin COS © +5 contain only sinx. Ans. (Cee iecgE onm 2 
sin © sec x sin? x 
5. (ieee Devers «)? cosect & to contain only tan x. Ans. tan? x + tan‘ x. 
(cosec? x — 1) cot? x 


2% — sec? x sint 2 ; 
ee ee 1 + cot’) to contain only cosec x. 


in2 2, 
gin“ © COS* & Maa cosect x” 


The true result is + , where the positive sign 


8. 1 —2(1 — covers x)? + to contain only cosx. Ans. cos*x. 


cosec? x. — 1 
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1+3 cot? 6+3 cot*@ 
cot# 6(1+ cot? 6)? 


8. eo (cos* a — sin‘ z) to contain only sinz. Ans. (1—2 sin? x)% 
(1 + tan? x 


7. tan? 6 sec? 0—sin? 6 cos? 6 to contain only cot @. Ans. 


sec? a sin? a fs 1 
9, ——— ———_—_ ___ to contain only cosec ¢.. Ans. ——___~—____, 
(tan a + 2 cot a)? u (2 cosec? a — 1)? 
ae 5; 29—1)2 
1p, Sno tan’? 46 contain only sec 6. Ang ee 
sin? @ — cos? 0 sec? 6 — 2 
2 2 29 29 : 2 
iy ESO EEE u coset=! to contain only cot 6. Ans. comers Be 
tan?.6 — coséc? 6 + 1 1—cott 6 


52. Solution of Trigonometric Equations. — Transform the 
given equation into one containing only a single function 
(usually the sine or cosine), because in a single equation we 
must have only one unknown quantity. Then solve the equa- 
tion algebraically for this function as the unknown quantity. 
The corresponding angle may then be found from the tables. 
Test the angles by substitution in the given equation. 


1. sin @ cos 0 = + }. 
-, sin 0V1 — sin? @ = +4; .. sin? acl — sin? 0) =} 1; 
.. sint@ — sin?94+4=0; .-. sint?@—t=0; .-. vue 
*, @ might be 45°, 135°, 225°, or 315°. But the given equa- 
tion shows that the product of the sine and cosine must be 
positive, and hence that they must have the same sign. Both 
the sine and cosine are positive in the first quadrant, and nega- 
tive in the third, but they have contrary signs in the second 


and fourth quadrants. Hence the only admissible values of 6 
are 45° and 225°.. 


2. tan 0sec 0 =— V2, ee == 220 ole 
8. cosec 6 = 2 tan 6. SS UVSC ANU, 
4. tané+ cotdé=2. os 6 = 45°, 225°. 
5. sec? 6 + cosec? 6 = 4. oO = 45° eso. 225°, 315°. 
6. sin @=-+ V3 vers 0. .*. 8= 0°, 60°, 300°. 
7. sec d+ tand=+Vv3. ws 0 = 80°, 150% [300°, 330°. 
8. sec? 6 + cot? @ = 13, -. 8 = 380°, 60°, 120°, 150°, 210°, 240°, 
9 sinz=+vV3cosz. «* % = 60°, 240°, 
10. tana =— 2V3 cosa. soe) w= 2402) 3002) 
11. sin z cos % =— 1 V9. -*. &= 120°, 150°, 300°, 380°. 
12. sin 0 + cosec @ =— §, 2% 6 = 210°, 330°, 


18. 3 sin x = 2 cos? x. ooo == S0e OOS 
14. secx tan x =4 2V3. .'. % = 60°, 120°. 
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15. sec 6 vers 6 = 1 — tan 0. 


1 sin 6 , 
425, — — — ° ° — = ° 
sas cos 6) = 1 apaoe sin 86 = 2cos6—1; 


.*. sin?6=4 cos?6—4 cos O+1; .-. 1—cos? 0 =4 cos? 6—4 cos 041; 
.. 5 cos?@—4c0s0=0; .*. cos0(5cos0 —4)=0; 
cos 9 = 0 and 5cos#@—4=0. 

(a) cos 6 = 0 gives 6 = 90° or 270°. These values are re- 
jected for reasons involving the methods of the Differential 
Calculus. 

(6) cos 0=¢ gives sin 0= +3, since this value of the cosine 
will allow the angle to lie either in the first or in the fourth 
quadrant. ‘Transposing in the original equation, we have 


sec 6 vers 6+ tan@d —1=0, 


and we test by substitution. For @ in the first quadrant, we 
have 

fb+$-1=0 
showing that @ has a value in the first quadrant. For @ in 
the fourth quadrant, we have 


ft-b-1=-$ 
not zero; and hence @ does not have a value in the fourth 
quadrant. 


16. sinztanz=—;. «~% Sint=+}, cosx= —#; quadrants I. and II. 
17. vers“ = 2coversx. .°. cose=} Or — 1; first quadrant, and 180°. 
18. sinztanc =2cosg%. .*. sinx=+ V2, cosa =+ v1; four quadrants. 
19. secxcosecr=—2. .*. sinz=+4V2, cose =F 1.V2; 135° and 316°. 
20. cosa cot x =— ?- .. sing =— 2; quadran‘s III. and IV. 

21. sinzcosx=—i}%. .. smx=+ 4 or +2; quadrants II. and IV. 


22. tanx——V20cosz. .*. sin’ =— a7 ; quadrants III. and IV. 
5 


23. secx + tana = 2. ., tana=-+ 3; first quadrant. 


%. secartan2x(1—2cosz)= 0. 
The values of x are found by placing each factor equal to 
zero, and solving the resulting equations. Hence we have 


secz = 0, tan2a2=0, 1—2cost@= 0. 
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But secx=0 is impossible; tan22=0 gives 2a = 0° or 180°, 
and, using the general measures of the angles, z= 0°, 90°, 
180°, 270°, the second and the last values being inadmissible. 
1—2cosz=0 gives cosa =4, and x= 60° or 300°. 


25. tant x=0. : os ee Us 

26. vers3x—0. seem Ors a0 20 

27. sinxcosx(1+2cosxy=0. .*. x = 0°, 90°, 180°, 270°, 120°, 240°. [330°. 
28. cos2x(3—4cos?x)=0. .°. x = 45°, 225°, 135°, 315°, 30°, 150°, 210°, 
29. (1+tanz)(1—2sinz)=0. .°. % = 135°, 315°, 30°, 150°. 

30. tana =— 2sina. .*. & = 0°, 120°, 180°, 240°. 

81. sin2z vers3a—0. .. & = 0°, 90°, 1802, 120°, 240°, 270°. 


53. The Functions of an Angle Greater than 360° are the 
same as those of the angle less than 360°, found by increasing 
or diminishing the given angle by some multiple of 360°; for 
the position of the terminal side would not be changed by 
these operations. Thus 


tan 1010° = tan (1010° — 720°) = tan 290° ; 
cos (— 835°) = cos (— 885° + 720°) = cos (— 115°), 
or cos (— 885°) = cos (— 835° + 1080°)= cos 245°. 
54. The Functions of 90° + x and of 270° + # are numeri- 


cally equal to the cofunctions of 2, but may differ from them 
in signs. Let the arcs HB, ED, KJ, KM, and NP be equal, 


Fie. 87. 


the radii CB and RP each being unity. Then the right tri- 
angles FCB, FCD, LCJ, LOM, and SRP are equal, having 
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the same hypotenuse (unity) and the angle x the same in 
each. Therefore 

Pi Ol— LM DK HO J SE, 
and CR=IB=HAD=LO= MI —-JSH=RS. 


-, sin( 90°—2)=IB = CF = RS =+ ord (1) 
cos( 90°—2)=CI = FB=SP=+ sing. 
sin ( 90°4+2)=HD=CF = RS=-+ cose; (2) 
cos( 90°+-2) = CH= FD =—DF*=—SP=—sinz. J ~ 
gin (270° —2)=HJ =C. Tage ar erst | (3) 
cos (270° —2) = CH= LJ =—JL* =—SP=~— sing. we 


sin (270° +2)=IM =CL =—L0* =—RS=— cosa: (4) 
cos (270° +2)= CL =LM=SP=+sinz. 
Thus sin 100° = sin (90° + 10°)= + cos 10° ; 

cos 100° = cos (90° + 10°) = — sin 10°. 

sin 200° = sin (270° — 70°) = — cos 70° 5 

cos 200° = cos (270° — 70°) = — sin 70°. 

sin 300° = sin (270° + 30°) = — cos 80° ; 

cos 300° = cos (270° + 30°) = + sin 30°. 


55. The Functions of 180° + y and of 360° — y are numeri- 
eally equal to the same functions of y, but may differ from 
them in signs. From Fig. 36, 


sin (180° — y)= HD=1B=+siny; ! (1) 
eos (180° — y) = CH =— HC*=—CI =— cosy. 
sin (180° + y)= AJ =— JH* =— Same (2) 
cos (180° + y)=CH =— HC*=—CI =— cosy. 


eh UE ah Se ae A esa (3) 
cos (360° — y)=CI =+ cosy. 
Thus sin 100° = sin (180° — 80°)=+ sin 80° ; 

cos 100° = cos (180° — 80°) = — cos 80°. 

sin 200° = sin (180° + 20°) = — sco) PAD e 

cos 200° = cos (180° + 20°) = — cos 20°. 

sin 300° = sin (360° — 60°) = — sin 60° ; 

cos 300° = cos (360° — 60°) = + cos 60°. 


* See Art. 2. 
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56. The Functions of a Negative Angle are numerically 
equal to the same functions of an equal positive angle, but may 


Fie. 88, 


57. Summary. — Using the equations of Art. 46, 


sin x 


i 
, secz= 
x cos 


differ from them in signs. 


sin (—y)= IM = — MI* =— IB 


=— sin y; 


cos(—y) = CI=+ cos y. 
| Thus 
sin (x—180°) =sin [ —(180°—z)] 
—sin (180°—z)=--sinz. 
cos (x— 180°) =cos [— (180° —z)] 
= +cos (180°—2z) = —cosz. 


cos az 
tan z= , cotz = — 
COs az sin 


and the results of Arts. 54, 55, and 56, we have 


, cosec z= 
z 


() 


. 


s1n Zz 


sin (90° —2%)=+ cosa; cos (90°—«)=+singz; 

tan (90° — x)=+4 cota; cot (90° — 7)=+ tang; (1) 
sec (90° —x7)=+ coseca ; cosec (90° —2x)=+ seca. 

sin (90° + %)=+ cosa; cos (90°+ %)=— sing; 

tan (90° +.2)=— cota; cot (90°+2)=—tanz; (2) 
sec (90°+%)=—cosecx;  cosec (90°+2)=4+4 seca. 

sin (180° — *%)=+ sing; cos (180° — x) =— cosa; 

tan (180° — %)=— tana; cot (180° — x) =— cota; (8) 
sec (180° — x) =— seca; cosec (180° — x) =+ cosec x. 

sin (180° + «)=— sing; cos (180° + x)= — cosz; ; 
tan (180° + ~)=+4 tana; cot (180° + x)=+ cota; (4) 
sec (180° + %)=— seca; cosec (180° + x) =— cosec x. 

sin (270° — ~)=— cosa; cos (270° — x) =— sing; 

tan (270° — x) =+ cota; cot (270° — x)=+ tang; (5) 
sec (270° — x) =— coseca ; cosec (270° — a) =— seca. 

sin (270° + ~)=— cosa; cos (270° + «)=+4 sing; 

tan (270° + «)=— cota; cot (270° + x)=— tang; (6) 
sec (270° + ©) =-+ coseca; cosec (270° + %) = — seca. 

sin (360° — x) =— sina; cos (860° — x) =+4 cosa; 

tan (860° — «)=— tana; cot (860° — x)=— cota; (7) 
sec (360° — %)=+ seca; cosec (360° — x) = — coseca. 

sin (—#)=—sinz; cos (— £)=+ cosa; 

tan (— *)=— tana; cot (— x) =— cota; | (8) 
sec (— x)= + seca; cosec(—2)=—cosecx. 


* See Art. 2. 


._ >. me 


FUNCTIONS OF ONE ANGLE. 57 


These formulas may be remembered from the three facts : 


(a) Whenever the angle is 90° + 2, or 270° + 2, the func- 
tions of the angle are numerically equal to the corresponding 
cofunctions of 2. 

(6) Whenever the angle is 180°+ 2, 360° — 2, or — 2, the 
functions of the angle are numerically equal to the same 
functions of 2. 

(c) The sign to be placed before the function of z is that of 
the original function when z is less than 90°. Thus 


sin (270° + +) =— cosa, 


since, when z< 90°, 270° + 2 will be in the fourth quadrant, 
and sin (270° + a) will therefore be negative. 


58. General Method of Proof.—JIn Arts. 54, 55, and 56, 
both 2 and y were less than 90°, but the formulas in Art. 57 
are true for all values of x Sup- 
pose, for example, that we wish to 
prove the formulas for 270°+2 
when z is in the fourth quadrant, 
that is, when z is between 270° 
and 860°. Let KAHGJ=~2z; then 
AEGIKAEGJ = 270° + x. Let 
AEGKJ'=zxz. Then in the right 
triangles JCL and J'CL’ the angles 
JCL and J'CL! are equal, each be- 
ing 860° —z; therefore the triangles 
are equal, and CL = OL! and LJ=L'J' numerically. Alge- 
braically CL =— CL! and LJ=+4 L'J'. 


. sin (270° + 2) = AJ = CL=— CL’ =—cosz; 
cos (270° +. 2) = CH= LJ =+L'J'=+ sing. 


EXAMPLES. 
1. From the preceding equations prove that 
(a) tan (— 1200°) = cot 80°. (g) sin (— 3000°) = — cos 30° 
(b) sec 1000° = cosec 10°. (h) cos 13800° = — cos 40°. 
(c) cos (— 890°) = — cos 10°. (4) tan 3200° = — tan 40°. 
(d) cot 1700° = cot 80°. (j) cot (— 1300°) = — cot 40°. 
(e) cosec (— 1235°) = — sec 66°. (4) sec (— 2900°) = + sec 20°. 


(J) sin 1340° = — cos 10°. (1) cosec 2420° = — sec 10°. 


\ 
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2. If tan @ =— cot 140°, find the two values of @ less than 360° 


a1 Oo 


. tan @ =— cot (90° + 50°) =+ tan 50°. .. 6 = 50°, 230°. 
Find the values of @ in the following equations: 
(a) sin 6 = + cos 220°. .*. 230°, 310°. 
(6) sin @ =+ cos310°. .. 40°, 140°. 
(c) sin 6 = — cos 210°. mee OOcn L202, 
(d) sin? @ = + cgs? 200°. .*. 70°, 110°, 250°, 290°. 
(e) cos @ = + sin 150°. on G05 B00. 
(f) cos@ =+ sin 250°. .. 160°, 200°. 
(g) cos 6 = — sin 170°, ao) LOO? 260, 
(h) cos @ = — sin 275°. <2) Dy BOD 
(4) cos? @ = + sin? 100°. ar. 102; 850°, 170°; 190° 
Qj) tan 6 =+ cot 100°. BUS ais Nes 
(k) tan 6 =+ cot 200°. Bo) (Alen PARDES 
(2) tan 9 = — cot 230°. .*. 140°, 320° 
(m)  cot@=+ tan 260°. Se O lOO ce 
(n) cot@ =+ tan 346°. 7. 105°, 285°. 
(0) cot @ = — tan 246°. wi4 Lobe sabe. 
(p) cot @ = — tan 308°. sa OO mee eons 
(q) sec 0 = — cosec 100°, sca L702 aL 908. 
(r) sec 6 = + cosec 130°. -*. 40°, 320°. 
(s) sec 9 = + cosec 310° .*. 140°, 220°. 
(t) cosec @=+ sec 315°. ooo) 40 lode 
(uw) cosec @ = + sec 230°. er 2 20pm 20 ce 
(v) cosec@ =—sec185°, - eee OO IO 
(w) cosec @ = — sec 335°. *. 245°, 295°. : 
(x) cosec2.@ = + sec? 250°. .*. 20°, 160°, 200°, 340°. 
(y) sec 0 = — cosec 290°. .*. 20°, 340°. 
(2) sin @ = — cos 300°. 72 2LO?}330% 


. cos?=sin2¢6. Show that one value of @ is 30°. 

. tanné=—cot120°. Show that one value of @ is 30° + n. 

. sec3@ = cosec (n —1)@. Show that one value of @ is 90° +(n + 2). 
. If cot 809° = — 58,, find sin 219°. 


sin 219° = sin (180° + 39°) = — sin 39°. 
. But cot 309° = cot (270° + 389°) = — tan 89°; .°. tan389°=+ 58. 


ove ain 29% = io Ane eee .*. sin 219° = — 4 a 
V1 + tan?39° V164 V4i1 V42 
If sin 217° = — ,8,, prove that tan 127° = — 4, Z 


a 


If cos 125° = — a, prove that tan 325° = —- —___. 
V1 — a? 
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10. If cot 260° =+ a, prove that cos 350° = + ala. 
V1+a? 
11. If sec 340° =+ a, prove that sin 110° = 1 , and tan 110° = — ole 
a Mad 
12. If cos 300° =+ a, prove that cot 120° =——_%__. 
vVl—a@ 
Demir in (167 el aN prove that 22 200: ec 2a eS 
cosec 335° a 
14. If cos 200° =— m, prove that tan 110° cosec 250° cot 290° = — v.. 
- m 
15. If cosec 185°=—™m, prove that tan 355° tan 275° cos 175° = — wee 
m 


16. Show that cot 4(— # —540°)= tan } x. 
cot 4(— x — 540°) = cot (— 3 x — 90°) 
= cot [—(90° + 1x”)]=— cot (90° 4+ 4%)=+ tanto, 
17. Show that sin (y — 90°) =— cosy. 
18. Show that sin (y — 180°)=— siny. 
19. Show that cos (y — 270°) =— sin y. 
20. Show that sec (— x — 540°) =— seca. 
21. Show that tan (y — 360°) =-+ tan y. 


22. Show that cos 4(a — 270°)=+4 sin}z. [Note that 270° in the parenthe- 
sis is to be multiplied by +. ] 


23. Show that cos1(— 810° + a — b)=~ sin }(a — b). 

24. Show that cosec (a — 860°) = — sec } a. 

25. Show that sec 3(— 900° — x)=— sec $x. 

26. Show that tan 1(360° + a — b)=+ tan }(a— b). 

27. Show that cos (180° — x) is equal to the sine of the complementary 
angle. 


Complement = 90° — (180° — x) = — (90° — 2); sin [— (90° — x)J = 
— sin (90° — x)= —cosx. -But cos(180°— %)= —cos%. .*. COB (180 — x) = 
sin [90° — (180° — «)}. Q. E. D. 


28. Show that cosec (270° — x) equals the secant of the complementary 
angle. 
29. Show that tan (180° +”) equals the cotangent of the complementary 
angle. : 

30. Show that sec (270° + 2) equals the cosecant of the complementary 
angle. 

31. Show that cos (90°+2) equals the sine of the complementary angle. 


32. Show that cot (360°—2) equals the tangent of the complementary angle. 


38. Show that tan (270°+2) is equal to the negative of the tangent of the 
supplementary angle. 


Supplement = 180° — (270° + «) = — (90° + x); tan [— (90°+ 2)]= 
— tan (90° +2)=+4 cots, But tan (270°+2)=—cota .” tan (270° + %)= 
— tan [180° — (270° + «)]. Q. B.D. 


34. Show that cosec (180° +2) is equal to the cosecant of the supple- 
mentary angle. 
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35. Show that sin (360° — x) is equal to the sine of the supplementary 
angle. 

36. Show that sec (90° + 2) is equal to the negative of the secant of the 
supplementary angle. 


37. Show that cos (270°—x) is equal to the negative of the cosine of the 
supplementary angle. 


38. Show that cot (270°+ 2) is equal to the negative of the cotangent of 
the supplementary angle. 


59. The Trigonometric Tables. — The relations shown in 
Arts. 53 and 57 enable us to find the functions of any angle, 
although the tables contain only the sines, cosines, tangents, 
and cotangents of angles less than 45°. For, since 


sin (90° — x) = cosa, cos (90° — x) = sing, 
tan (90° — x) = cot x, cot (90° — x) = tanga, 


the tables are immediately extended to 90° by writing the 
proper degrees and minutes at the bottom and on the right 
of the page respectively. 

Then, since the value of any function of an angle greater 
than 90° can be found in terms of a function of an angle less 
than 90°, we can find the numerical value of the function from 
the tables. 


1. Find from the tables the logarithmic functions of 580° 42’.4, 
580° 42/.4 = 360° + 220° 42/4. 
.*. sin 580° 42/.4 = sin 220° 42/.4 = sin (180° + 40° 42/.4) = — sin 40° 42/4; 
-*. log sin 580° 42/.4 = 9.814387 n. 
cos 580° 42.4 = — cos 40° 42/.4 3 »*. log cos 580° 42/.4 = 9.87971 n. 
tan 580° 42'.4 = + tan 40° 42/4; .*. log tan 580° 42/4 = 9.93467. 
cot 580° 42'.4 =+ cot 40° 42'.4; .-. log cot 580° 42/.4 = 0.06533. 


2. Find from the tables the logarithmic functions of the following angles: 


Angle. log sin. log cos. log tan. log cot. 
499° 29/.7. 9.81258. 9.88102 n. 9.93158 n. 0.06842 n. 
597° 8.3. 9.92427 n. 9.73449 n. 0 18978. 9.81022. 
689° 27'.6. 9.70598 n. 9.93514. 9.77084 n. 0.22916 n. 


8. sin b = tan 250° 15/.5 cot 278° 17'.3 ; find 6 = 208° 57'.0 or 336° 3/.0. 
4. cos8= cos 149° 27'.6 sin 216° 44’.0; find 8= 58° 59/.7 or 301° 0/.3. 
5. tana = sin 319° 52/.0 + cot 254° 30/.2 ; find a = 118°16/.5 or 293° 16'.5. 
6. cotc = cos 216° 44/.0 + tan 329° 27'.6; find¢= 36°21/.6 or 216° 21.6, 
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60. Transform the First Member into the Second in the 
following examples. Usually it is best to change the given 
expression into one containing the sine and cosine, and then to 
change this into the required form. Any operation is admis- 
sible that does not change the value of the expression. Use 
radicals only when unavoidable. If the expression is factored, 
it is often advantageous to reduce each factor separately, not 
multiplying until it becomes necessary. 


5 tang—sing secz# 
sin’ x 1+ cosz 
sing . 
: —sing . 
tanz—sinz cosz sina(1—cosz) 1—cosz 
sim’z ..  sin’e . coszsin?x  coszsin?s 
1 — cos 1 sec & 


~ cos «(1 — cos? x) ~ COs a(1 + cos 2) ~ 14+ cosz 


2. cosxtanx + sin x cotx% = sin x + cos”. 


8. (2 — vers x) vers x = sin? x, 


4. 2 a = tan 2. 

sin x cot? x 
5. (tanaz + cote) sinx cosx=1. 
6. (sec? # — 1)(cosec? x — 1)=1. 
7. sec x cosec x% (cos? x — sin? x) = cot x — tan &. 
8. (sin x + cos x) (tan x + cot ©) = sec x + cosec &, 
9. cota+ pas = cosecir. 

1+ cos«¢ 


10. sin x (sec x + cosec x) — cos x (Sec % — Cosec x)= BEC % COBEC Z. 


11. (cosec x — cot x)? = }— 08”. 
1+ cosa 
12. @ + tan? x) @ = cot? x) = sec? Fils cosec? ee 


2 : i ae 
13, t@anz—cotx___~ _._1, [First change to an expression containing 
tana -+cotx  cosec? x 


only sin , the reciprocal of cosec «. ] 


14. sec? x cosec?x —2=tan?x+cot?a. [Substitute for secx and cosec x 
their values in terms of tan x and cot x respectively. ] 


_ tana + tan 8 _ tana tan 8. 
cot a + cot PB 


16. cota — seca cosecx(1—2sin?x)= tana. [The expression reduces to 
sin % + cos x. ] 
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17. cosec x (sec x — 1)— cot x (1 — cos x)= tan x — sing. [Factor as soon 
as possible, and reduce each factor separately. ] 


18. vers x (sec % + 1)+ covers % (cosec x + 1)=sin x tan x + cos & cot x. 


19, Yers# (1 + seca) , covers # (1 + c0see #) _ seo  cosec x. 
sin x COS & 


= 2 2 44 
20. sin? a (tan? « — 1) + cos? x (cot? ~ — 1) oe eS 
tan? x 
21. sec x cosec x[vers «(vers x — 2) —covers x(20vers x—2) ]=cot x—tan x, 
22. cost « — sint x = cos x (1 — tan x) (sin x + cosz). 


vers x (1+ cos «“)—coversx(1+sinaz) tanta — tanBa, 


23. : : 
sec* % COSEC* seeex 


an expression containing only sin x and cos, and then substitute their values 


[Change to 


in terms of tan x. ] 
sec? x sin? x — cosec? x + cosec? x cos? x 
sec? x sin? « — cosec? x cos? x 
(sec? x + 1) (sec? x — 1)? 
sect x 


24. = sin? x. 


25. tan? « — sin? x cos?%= 


cos x cot % — sing tan x 
cosec x — sec x 


27. (sec & + cosec x)? = (i + tan x) 


tan « + cot x tan & 


26. =1+sin2z cosz. 


sint x + cost x 
26782 eel 5 Me = sec? x + cosec? a. 
sin? x cos? x” 


seca% + coseca _tana+1_1+ cota 


29. as = 
seca —cosecx tanx—1l 1 —cota 
30 sin x — tan? x covers x __ sin‘ « 
cosec # cot? x (1 + sin x) cos? x 


31. sec? x cosec? x [vers x (vers x — 2) — covers x (covers x — 2)] 
; = cot? x — tan? x. 
sec? 7 + cosec? x 
sec x cosec x 
aumerator and denominator by sin? x cos? x. ] 


82. tan % + cota = {It is admissible to divide both 


Oe oe ae mn? 2 
83. tan?a tan?g —1= sin* a — cos? 8 _ sin? B — cos? a_ 
cos? a cos? B cos? a cos? B 
34 1 — tan?a tan? 8_ cos?a — sin?B _ cos? 8 — sin?a 
tan? a tan? B sin?asin?8  sin?a sin?8 
35. sin? tan? % 4+ cos? cot? « = tan? x + cot? x — 1. 
36. sin? a tan « + cos? a cot” + 2sin x cosa” = sec x cosec x. 
87. sectx + tanta =1+42sec?a tan?a. [It is admissible to add and sub- 
tract 2 sec? x tan? «. | 
38. (7 cos ¢)?+(rsin ¢ sin 0)? +(rsin ¢ cos 0)? = r2. 
-» 1 cos? o + 1? sin? ¢ (sin? @ + cos? 0) = r? (cos? g + sin? ¢)=7r2, 
since sin? # + cos?” = 1. 


46. 
47. 
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(2r sin a cos a)? + 7? (cos? a — sin? a)? = r?, 


- (asin y)? +(acos y sin 6)? + (a cos y cos 6)? = a?. 


(cos a cos 6 — sin a sin b)? + (sin a@ cos b + cosa sin b)? = 1, 


- (cos a cos b + sina sin b)? + (sin a cos b — cosa sind)? = 1. 


(cos 06 — ysin @)? + (asin 6 + y cos 0)? = a2 4 2. 


1 Le EE 
(cos? % —sin?x)? (1—tan?”)? ~ 


1 Gl = tan? x)? _ 4 
4 sin? x cos? 4 tan? x 
(3 sin a cos? a — sin’ a)? + (cos? a — 8 sin? a cosa)?= 1. 


a + y? + 22 = 72 when 
x=rcosa cos8+rcosi sina sin B, 
y =rcosi cosa sin 8 — rsin a Cos B, 
Z=rsin? sin p. 
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CHAPTER V. 
RELATIONS BETWEEN FUNCTIONS OF SEVERAL ANGLES. 


61. Sine and Cosine of the Sum of Two Angles. — Let x and 
y be the angles, each, as well as their sum, being less than 90°. 
QC is Bd to OP, BC and 
DQ are perpendicular to OA, and 
EC is parallel to OA, the radius of 
the circle being unity. Then 

r+y=AO0Q, 

the angle HQC=2, OC= cosy, and 
CQ=siny. (See note on page 40 ) 

sin(g+y)=DQ= BC+ EQ 

= OC sin BOC + CQ cos HQC 


= cosy sinz+siny cosa, 


or sin (@ + y)= sina cosy + cosa siny. (1) 
cos (@ + y) = OD= OB — EC= OC cos BOC — CQ sin HQC 
= cos y cosa — siny sina, 


or cos (a + y) = cos x cos y — sina sin y. (2) 


1. sin 90° = sin (60° + 30°) = sin 60° cos 80° + cos 60° sin 30° 


Eve VS 41. i i: 
2 2 


2. cos 90° = cos (60° + 30°) = cos 60° cos 30° — sin 60° sin 30° 
Bie V3 FV Sad 


See ee een 


ar) ZR? 
$. If sina = 3, and sing= Yer find sin(a+ 8) and cos(a+f) when 
a< 90°, and B< 90°. 
Ans. sin (a + 8) = $$, cos (a + 8) = 3. 
64 
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4. If tana =}, and tanfx 4%, find sin(a+ 8) and cos (a+ 8) when 
a< 90°, and B< 90°. 
Ans. sin (a + B)= 4, cos (a + 8)=3. 
Norn, — At a point A the angle of elevation DAB to the top of a vertical 
wall is a, and the angle of depression 
CAD to its base is B. Find the height 
CB of the wall, the horizontal distance 
AD being a feet. 
CB=CD+ DB=atanf+atana 
= a(tana + tan £). (8) 
= eee | 


cosa cosp 


A ghia acos 8 + cosasing 
cosa cos B 


= Sit (a+8). (4) 


cos a cos fp 


Eq. (3) would be solved by the use of the natural functions, while (4) is 
adapted to logarithmic computation. 


62. Sine and Cosine of the Difference of Two Angles. — Let 
zx and y be the angles, each being less than 90° and 2 being 
greater than y. QC is perpendicu- 
lar to OP, BC and DQ are perpen- 
dicular to OA, and #Q@ is parallel 
to OA, the radius of the circle 
being unity. Then c—y=AOQ, 
ECQ=z, OC=cos y, and CQ=sin y. 


sin (a —y)= DQ= BC— EC 
= 00 sin BOO — CQ cos HCQ 


= cos y sin z — sin y Cos7Z, 
or sin (a — y)= sin x cos y —cos x sin y. (1) 
cos (x — y)= OD = OB + EQ = OC cos BOC + CQ sin ECQ 
= cosy cosx + sin y sin 2, 
or cos (a — y)= cos x cosy + sina sin y. (2) 


In this proof we have assumed that 2 is the greater angle, 
but (1) and (2) are true when y is greater than zx. To prove 
this, let 8 be greater than «. Then 


sin (2 — 8) =sin[—(@—«@)]=— sin (8 — @), 
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and, developing sin (8 — «) by (1), 


sin (a —8)= — (sin cos « — cos sin «) 
= sine cos 8 — cose sinB Q.E.D. 
Also cos (« — B)= cos [—(8 — «)]= cos (B — &) 
= cos.8 cosa + sin sina. Q.E.D. 


1. sin 30° = sin (90° — 60°) = sin 90° cos 60° — cos 90° sin 60° 


af bag wenn 
2 2 2 


2. cos 30° = cos (90° — 60°) = cos 90° cos 60° + sin 90° sin 60° 


o.141-%85 v3, 
2 2 


3. If sina=;, and sing= 4, findsin(a— 8) and cos(a—f) when 
a < 90°, and B< 90°. 
Ans. sin (a — B) = 22; ; cos (a — B) = 323. 


4. If tana=#, and tan@= 3, find sin(a— 8) and cos(a— 8) when 


a < 90°, and B<90.° 
Ans. sin (a — B)= 3%; cos (a — B)= 34. 


Nors.— At a point A on a horizontal plane, the angle CAD to the top of 
a crag is y, and @ feet farther away in the same 
vertical plane (at B), the angle CBD is y'. 
Find AC =z. 


CD= ACtany = xtany. 


BAY’ AK Lae nl aso 


ea G CD = BCtany' =(a+ x) tany!. 
Ea .. xtany =(a+ a) tany’. 
—__atan yee (3) 
tan y — tan y! 
asin! cosy _ asin y’ cosy, 


7 pine bs 9c Oa EO (4) 
siny cosy’ —cosysiny! sin (y — 7’) 


Eq. (8) would be solved by the use of the natural .functions, while (4) 
is adapted to logarithmic computation. 


63. General Proof of the Addition Formulas.—These formulas were 
shown in Art. 61 to be true when a, y, and x + y were each less than 90°. That 
they are true for all values of these angles may be shown by proving the special 
cases separately. Let us consider first the case when 


a< 90°, ¥ << 90°, «+ y>90° and < 180°. 
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Let x= 90° —a, y= 90°—B; «. x+y =180°—(a+ 8). 
. a= 90°—2, B=90°—y, a+ B=180°-(v+y). 
“. a< 90°, B< 90°, a+ B< 90°, since ++ ¥ > 90°. 
Then sin (a + 8) may be developed by. (1), Art. 61, since the conditions of that 
article are satisfied. But 
sin (« + y)= sin [180° —(a + 8)]=sin (a + 8)=sinacosf + cosasin B 
= sin (90° — x) cos (90° — y) + cos (90° — x) sin (90° — y) 
= cos «sin y + sin x cos y. Q.E.D. 
Also cos (a + y) = cos [180° —(a + B)]=— cos (a+ B)=— cosacos 8 +sina sin B 
= — cos (90° — x) cos (90° — y) + sin (90° — x) sin (90° — y) 
=— sing siny + cos @ cos y. Q.E.D. 
Hence the formulas are true for 7 < 90°, ¥< 90°, «+ y< 180°. 
To illustrate the proof for any special case, let us take x in the second and 
y in the fourth quadrant. Place « = 90° + a, and y = 270° + 8, so that a and B 
are each less than 90°. Then 
sin (2 + y)= sin [860° + (a + 6)]=sin (1+ 8)=sinacosf + cosasin B 
= sin (@ — 90°) cos (y — 270°) + cos (@ — 90°) sin (y — 270°) 
=(— cos x)(— sin y)-+ sin & cos y 
=cosa%siny + sin& cos y. Q.E.D. 
Let the student prove the addition formulas in the following cases: 
1. « in the first, and y in the third quadrant. 
x in the second, and y in the second quadrant. 
x in the second, and y in the third quadrant. 
# in the third, and y in the third quadrant. 
x in the third, and y in the fourth quadrant. 


cay bo G2 to 


2 in the fourth, and y in the fourth quadrant. 


64. General Proof of the Subtraction Formulas.— These formulas were 
shown in Art. 62 to be true when x and y were each less than 90°, both for 
x>y and for x«<y. That they are true for all values of the angles may be 
shown by proving the special cases separately. For illustration, let x be in the 
second, and y in the third quadrant. Place «= 90° +a, and y = 180° + 8, so 
that a < 90°, and B< 90°. Then 
sin (x—y) =sin [90°+a—(180°+ 8) ]=sin [—90°+ (a—f)]=—sin [90°—(a—8)] 

=— cos (a —8)=— cosa cos 8 — sina sin B 
= — cos (a — 90°) cos (y — 180°) — sin (# — 90°) sin (y — 180°) 
=— sin x (— cos y) —(— cos “)(— sin y) 
= sin x cos y — cos & Sin y. Q.E.D. 
Also cos (# — y) = cos [— 90° + (a — B)]= cos [90° — (a — 8)]=sin (a — 8) 
= sin a cos 8 — cosa sin B 
= sin (« — 90°) cos (y — 180°) — cos (a — 90°) sin (y — 180°) 
=(— cos %)(— cosy) — sinx (— sin y) 
=cosxzcosy+sin x siny. Q.E.D. 
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Let the student prove the subtraction formulas in the following cases: 
1. x in the fourth, and y in the first quadrant. 
. gin the fourth, and y in the second quadrant. 


. win the fourth, and y in the third quadrant. 


2 

3 

4. x in the third, and y in the third quadrant. 
5. x in the third, and y in the fourth quadrant. 
6 


. ain the second, and y in the fourth quadrant. 


65. Tangent of the Sum and of the Difference of Two Angles. 


sin(a+y) sing cosy +cos 2 siny 
cos(x+yY¥) cosx cosy — sing siny 


tan(g@+y)= 


Divide both numerator and denorninator by cos x cos y. 


sinzcosy cosxsiny sing, siny 
cosSZCcosy cCOosxcosy  Cosx cosy 
cosxzcosy singsiny — 1 sing siny’ 


* tan@+y)= 


cOSZCcosSy cosxcosy COS & COS ¥ 
tan ta 
*. tan(@w+y)=, eee qd) 


In the same way, we may show that 


tana — tany (2) 


Oe al tan a tany” 


1 1 
23 Ae 
tan 45°+ tan 30° V3 V341 


1) tan 75°=tan (45° 309) == 24 V3 
1—tan 46° tan 30 oe W951 : 
v3 
fer P es 
2. ‘tan 15° Stan (45° = $0") So 
+tan tan 30 ae V341 
v3 . 
8. If sina=}} and sin 6=$, find tan (a+ 8) and tan (a—8), when a < 90° 
and 8 < 90°. Ans. tan (a + 8)=— $3; tan (a — B)= 338, 


66. Geometrical Proof.—In Fig. 44, let OA=1, AOB=2, BOC=y. 
Draw BC perpendicular to OB, and CD parallel to OA; ©. DBC =2, 
DCK=x+y. Then 


tan (x +y)= AF = AB+ BD + DE. 
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But BD = BC cosx = OB tany cos” = seca tan y cosz = tan y, 
and DE = CD tan (x ct y)= BCsin x tan (« + y)= OB tany sine tan (x + y) 
= seca tany sina tan (x + y)= tan” tany tan (x + y). 
.. tan (@+ y)= tana + tany + tang tan y tan (@ + y). 
Transposing, collecting, and dividing, we have 


tan (2 — tana + tany | 
Ce 1—tanctany 


O A 
Fie. 44. 


In Fig. 45, let OA=1, AOB=x, COB=y. Draw BC perpendicular to 
OB, and DC parallel to OA; «. DBC=2, DCE=ax—y. Ther 


tan (2 — y) = AF = AB— DB— ED. 
But DB= BCcosx= OBtanycosx =secx tan y cosx% = tany, 
and ED = DC tan («4 — y) = BC sinzx tan (x —y) = OB tan y sin x tan (2 — y) 
=secxtanysin «tan (2 —y) = tanatany tan (%@—y). 
.. tan (@ —y)= tana —tany — tanxtany tan (w@—y). 


tan x — tany 


. tan@—%)=7T TF aneteny 


EXAMPLES. 
Find by inspection one value of x in Exs. (1-6): 


= 


sin (n — 1)acosa + cos (n — 1)asina = sin x, Ans. x = na. 
2. cos (10°-+a) cos (10°—a) +sin (10°+a) sin (10°—a)=cosx, Ans, % = 2a. 


8. sin (a—8+10°) cos (8—a+10°) —cos (a—8+10°) sin (8—a+10°) = sin x. 
Ans. «= 2(a — B). 


4. cos 45° cos (90° — a) — sin 45° sin (90° — a) = cos &. Ans. % = 185° — a. 


5. sin (90° + 4a) cos (90° — } a) + cos (90°+ 3 a) sin (90° — 4a)=sin a. 
Ans. x = 180°. 


6. cos (45°—a) cos (45°-+a) —sin (45°—a) sin (45°+a)=cos x, Ans. x= 90°. 

7. Given the functions of 30° and 45°, find those of 75°. 

V3+1 V8 =1, tan 76° V8 +19 4vi. 
2v2 2v2 v3 


; cos 75° = 


Ans. sin 75° = 
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8. Given the functions of 30° and 45°, find those of 153 


Ane ain'16? 2 M8 gos 15° ton ee 
2V2 


2V2 
9. If tana = 3 and sinf8 = }3, find the fungtions of a+ 8 when a is in 
the third, and 8 in the second quadrant. 


Ans. sin (a + 8)=— 3%; cos (a + 8)= 38 tan (a + 8)=— $2. 
n 


10. If cosa =— 49 and sin 8 =— ;,, find the functions of a — 8 when a 

is in the third, and g in the fourth quadrant. 
Ans. sin (a — 8) =— 333; cos (a — 8) =— $33; tan (a — B)=+ 298. 
11. If cosa =? and sing =— 3, find the functions of a+ B and of a— 8B 


when a is in the fourth, and 8 in the third quadrant. 
Ans. sin (a + 8)=+ zs; cos (a + B)=— 3$; tan(a+ 8)=— 93; 
sin (a — 8)=+1; cos(a— 8)=0; tan(a—#)=0. 


Transform the first member into the second (or last) in Exs. (12-32): 

12. sin (a + 8) sin (a — 8)=sin? a — sin? 8 = cos? 8 — cos? a 

13. cos (a + 8) cos (a — 8) = cos? a — sin? 8 = cos? B — sin? a, 

14. sin (60° + a)— sina = sin (60° — a). 

15. (r'cos v! — rcosv)? +(r’sinv! — rsin v)? = r? +r? — 2 rr! cos (v' — v). 


16. cos?a + cos*8 —2cosacos8cosw=sin?w, when w=a+8. [Place 
a=w-—B.] 


17. tana + bang Bebe 


—_—_—______ = tan 2 
cosa — tan ¢ sina ote. 
18. sin? @ + sin? (w — @)+ 2 sin @ cos w sin (w — @)= sin? w, 


19. cos? 6 + cos? (w — 6) — 2 cos 6 COS w cos (w — @)=sin* w 


20. tanx+tany= sin (% + Y), 
COS x COS y 
7 . 
21. cotx+coty= SURE E £3) 
sin x sin y 
22. cotx + tany= bos ee Y). 
sin x cos y 


23. tan (30° + x) + tan (30° — x)= sin 60° sec (30° + x) sec (30° — x). 


] —tana 
24. ———— = tan (45° — = 5° 
nner n ( a). [Note that 1 = tan 45°. ] 


1 — cota 
Ob tama an = 
Wactare an ( a) [Note that 1 = cot 45°.] 
26. sin (60° + a)— sin (60° — a)=sina. 
97. tan (45° + «)— tan (46° — «aja 
1 — tan? a 
98. sin (7 + oe. tana +tany _ cot%+coty | 
cos(x—y) 1l+tanxtany 1+ cotxcoty 
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29. sin(a+b+c)=sin[(a+b)+c]=sin (a+b) cosc+cos(a+b) sinc 
= (sin @ cos 6+cos asin b) cose+ (cos a cosb—sin asin b) sinc 
= sin acosb cosc+cos asin b cosc+cosacosb sinc—sina sind sine. 
80. cos(a+ b+ c)=cosacosb cosc — sina sin b cosc — sina cosb sine 
— cosa sin6 sine. 


tan a + tan) + tanc — tana tan db tance : 


$1. tan(a+b+c)= 
1 — tana tan b — tana tanc — tan db tance 


82. sin(a + b—c)=sina cos b cosc + cos a sin b cosc — cosa cos b sine 


+ sina sin b since. 


33. Ifsina = 2, sin8 =— 12, siny =— 3, find sin(a — B — y), when a, B, 
and y are in the second, third, and fourth quadrants respectively. Ans. — }32. 


34. If sina = 3, cosB = 4, tan 7 = 3, find cos(a — 8 + 7), when a, 8, and y 
are in the second, fourth, and third quadrants respectively. Ans. + 4. 


67. To express the Functions of an Angle in Terms of those 
of Half the Angle.— In (1) and (2), Art. 61, let y =z. 


. sin2a”=sinzcosz+coszsing=2sinxcosx, (1) 


cos 2 a = cos* x — sin a, (2) 
cos2a = 1 — sin? z — sin? xz = 1- 2sin* a, (8) 
or cos 2a” = cos? z — 1 + cos* x = 2cos? x -1. (4) 


From (1), Art. 65, 


tan Soe tang+tanz 2tanw . (5) 


1—tanztanzr 1-—tan?a& 


1. To express the functions of 40° in terms of those of 20°, we have 
sin 40° = 2 sin 20° cos 20° ; 
cos 40° = cos? 20° — sin? 20° ; 


‘ 9 

tan 40° = eee 

2. sin@d= ao @ being in the second quadrant. Find sin 2 6, cos2 8, tan 2 6. 
Ans. sin26=— 4; cos20=— 3; tan20=+ §. 

3. tand=+ 2, 6 being in the third quadrant. Find sin 29, cos 26, tan 26. 
Ans. sin26=+ 4; cos20=—%; tan26=— $f. 


4. cot =— 3, 6 being in the fourth quadrant. Find sin 2 0, cos 2 6, tan 20. 
Ans. sin26=— 24; cos20=— 7; tan20=+ 44, 
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Norz.— To find the area of a right triangle, given c and a, we have 


area = hab. 
A But a=csina, and b=c cosa. 
.1. area = 3c? sin a Cosa ; (6) 
7 - area = de? sin2a. (1) 
In (6) we should have to find both sin a 
and cosa from the tables, in (7) we find 
42) b ic _—sc only sin 2a, so that time is saved by using 
Fie. 46. (7) instead of (6). 


68. Geometrical Proof. — Let the radius OA of the circle be unity. 
sin22 = BP=2CD=20Dsinz 


P 
=20Acos“x sin x. 
cos2x%=OB=O0C — BC=OC—CA 
—ODcosx — AD sinz 
= OA cos? x — OA sin? x 
= OA (cos? x — sin? x). 
ISME 2ZCD 2 OC tan & 
tam = —— 
iy O I Gu ba 
o£) pen OOMmOG = 6 Pitan 
2 2 0C tan x >, 2tanz 
Fie. 47. OoOC—OCtan?2 1-—tan?x 


69. To express the Functions of an Angle in Terms of those 
of Double the Angle. — From Art. 67, 


cos 22 =1— 2sin?z; 


os 2sin® x =1-—cos2a. d) 
Also cos 22 = 2 cos?z —.1; 
.*. 2cos*x=1+4 cos2a. (2) 
2 —1- cos2 a, . 
From (1) and (2), tan?’ w=) oe (3) 


para ee oe tenes 20 
1+cos2z2 (4) 


ane te 
1+cos2z 1+ cos2z (1 + cos 22)?” 


9 —__ Sin2a” .. 
oo, eae ey coher (5) 
Also tang =afL— cos 22, 1 = cos22 _ (A = cos 22} 
1-+-cos22 1—cos2a 1 —cos?2z ’ 
e _1—cos2a, 
o*. tan x Stress (6) 
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Norr. — The double sign is not used in (5) and (6), for 


sin2 x 2sin x cosx 
= : = tang, 
1+cos2x 2 cos? x 
1—cos2z 2 sin? x 
- and ——___— = ——_“"_ = tan. 
sin 2 x 2 sin x cos x 


1. To express the functions of 20° in terms of those of 40°, we have 
2 sin? 20° = 1 — cos 40°; 
2 cos? 20° = 1 + cos 40°; 


tan? 20° — L— 008 40°. 
1 + cos 40°’ 
tan 20° = sin40° _ 1—cos 40° 
1+ cos 40° sin 40° 
2. tan2@=— 2, 26 being inthe second quadrant. Find the functions of 6. 
2 


a cos2'9=——L, and sin 26 = + —. 
v5 v5 


. sino = +4)! (1+) (a4 a from (1); 
Mi eos@ = ty (1—~-), from (2); 


2 
; aaa Wow from (6). 
V5 
Since 26 is in the second quadrant, @ may be either in the first or in the 
third quadrant ; hence sin @ and cos @ have the double sign, and tan @ is positive. 


8. Given the functions of 30°, find those of 15°. 


Ans. sin 15° = V3 — = poribe et 1. tan 16° =2—V3. 
2V2 2Vv2 
4. Given the functions of 45°, find those of 223°. 


Ans. sin 221° = 1V2 — V2; cos221° = 1/2 +.V2; tan 221° = V2 —1. 


LS mm 


70. Geometrical Proof. — Let the radius C’A of the circle be unity. 


eer aw OB SBA. es =\24 


OP VOR OA 


= a eon 
a 2 2 
Cone OD yy OEE AE 
ORMEN/ OBO OA 2 


= 0e+ cB _.)} + cos2 x 
Ef 2 ee 2 
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‘BF. BP sin 2% 

tang =2f-_* _-_ 
~=OR OC+ CB 14+ cos22% 
BA _ CA — CB_1—cos2, 


OC ore Pa sin 2x 
%1. Multiple Angles. — Suppose that we wish to express 
sin 8z in terms of powers of sin 2. 


sin 32 = sin(24+2)=sin22 cosxz + cos2asinz 
= 2sinz cos*2 +(1 — 2sin*?x)cine 
= 2sinz — 2sin?z + sing — 2sin?z 
= 8sinzg — 4sin®za. Q.E. I. 


1. Show that cos8x = 4cos*x — 3cos«. 


8 tana — tan’ x. 


. Show that tan32= 
2. Show that tan3 a Teale 


3. Show that sindxz —4sinxcosx —8sinxcosx, [Use4e=2%+22.] 


4. Show that cos4az = 1 — 8sin?x + 8sin' x. 


4tan x (1 — tan? x) 
1 — 6tan?2 + tan?x 


6. Show that sin5z = 5sinx —20sin’z + 16sinox. [Useba=3x%+22.] 
7. Show that cos5x% = 5cosx — 20 cos? x + 16 cos® &. 
8. Find the functions of 18°, of 36°, and of 72°. 


Place x = 18°; then, since cos54° = sin 36°, we have 


5. Show that tan4% = 


cos8%=sin2x. 

~. 4cos*a — 3cos« = 2sinz cos. 

*, cosa (4cos?% —3 — 2sinx)=0. 
.. 1—4sin?x —2sinz=0. 

.. sins =}(—14V5). 
. sin 18° = cos72° = }(V5 — 1); cos 18° = sin 72° = } V 10 + 2V6. 
Hence sin 36° = 2 sin 18° cos 18° = #10 — 2V5; 
cos 36° = 1 — 2sin?18° = (V5 + 1). 


72. To change the Product of Functions of Angles into the 
Sum of Functions. — From Arts. 61 and 62, 
sin(z + y)= sin x cos y + cos @ sin ¥3 
sin(z — y)= sin z cos y — cosz siny. 
. sn(z+y)+sn(@—y)=2sinz cosy, qd) 
and sin(a + y)— sin(a — y)= 2 cosa siny. (2) 
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Also cos(z + y) = cos x cos y — Sin x Sin Y; 
cos(a — y)=cosz cosy + sing sin y. 
.. cos(a + y) + cos(x — y) = 2 cos z cosy, 
and cos(a + y)— cos(a# — y) =— 2singz siny. 
Reversing (1), (2), (8), and (4), we have 


sinx cos y = 5sin (o+y)+ 5sin (7 —Y)e 
cosx sin y = >sin (e+ Yy)— 3 sin (w —Y). 
COS x COSY = 5 00S (0 + y)+ 5 008 (a —Y). 
sin x sin y = — * 60s (@ +y) + 5 COs (x —Y)e 
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(3) 
(4) 


(5) 
(6) 
1) 
(8) 


In applying these formulas, let 2 represent the larger angle. 


1. sin4d@cos26=isin (40+426)+}sin (40 — 20), from (5), 
=}sin60+4sin29¢. 
2. cos66sin2@=1sin (60 +26)—}sin(64—26), from (6), 
=}sin8@—}sin48é. 
8. cos8@cos26=1c0s106+}cos690, from (7). 
4, sin6é@sin4@ =—1cos100+}cos26, from (8). 
6. cos20sin4@=1sin60—}sin(— 20), from (6), 
tsin6@+ dsin 20, as in Ex. 1. 
6. sin2@cos66=}sin8@+}4sin(—40), from (5), 
= isin 8@—}sin44@, as in Ex. 2. 
7. cos26 cos 86 = }cos 106 + }cos(— 68), from (7), 
=icos106+icos68, as in Ex. 3. 
8. sin4@ sin6 6 =— cos 100 + }cos(— 28), from (8), 
=—icos106+}4.c0s28, as in Ex, 4. 
9. sin? @ cos 6 = sin @ [sin @ cosé]= sin é@ [4 sin (6 + 6) + } sin (6 — 4)}j 
=sin@[}sin26+ }sin 0°]= } sin@ sin20 
= }[—1.c0s30 + i cosd]=— } cos36 + 3 cos dé 


10, Reduce sin?a cosa to }sin2a —}sin4a. 


I! 


sin?a cosa = sin?a-sina cosa; 
using (8) and (5), or the relations in Arts. 69 and 67, we have 
sin a cosa = } (1—cos2a)-}sin2a=}sin2a— isin 2a cos2¢ 
= isin2a—}sin4a. 

11. Reduce sin? @ cos? @ to } (1 — cos 46). 

12. Reduce sin? 6 cos? @ to } (cos 8 — 4.cos 3 8 — } cos 5 @). 

13. Reduce sin’ @ cos* @ to J; (3 sin 2 6 — sin 6 4). 

14. Reduce cos® 6 to j, (10 cos 8 + 5 cos 34 + cos 5 0). 

15. Reduce cos? @ to } (cos3 0 + 3 cos@). 

16. Reduce sin’ 0 cos? @ to dz (8 sin 20 — sin 46 —sin66 + }sin 86). 


76 PLANE AND ANALYTICAL TRIGONOMETRY. 
73. To change the Algebraic Sum of Functions of Angles into 
the Product of Functions. — Let x+y =u and @—y)=». 
ow. @=h(utv) and y=Z(U—2). - 
Substituting in (1), (2), (8), and (4), Art. 72, we have 


sin u + sin v = 2sin 5 (w + v) cos (uw—V). (1) 
sin uw — sin v = 2 cos 5 (w+ v) sin 5 (WU —U)e (2) 
cose + cos v = 26035 (u + v) cos, (U— vs (8) 
cosu — cosv =— 2 sins (w + v) sin5(w—v). (4) 


In applying the formulas, let w represent the larger angle. 


j1. Reduce sin 36 + sin 6 to 2sin 20 cos @. 
Let u=306 and v=@ in (1). 


2 Reduce cos 6 — cos 34 to 4 sin? 6 cos 0. 
cos 6 — cos 36 =—(cos36—cos6). Letw=38@ and »=@ in (4}. 
.*. —(cos 36 — cos 0) =—(— 2sin 26 sin 6) =+ 2 sin 26 sin 0 
= 4sin 6 cos 0 sin @ = 4 sin? @ cos 0. 
3. Reduce sin 36 + cos @ to a product. 
sin 36 + cos 6 = sin 3 6 + sin (90° — @) = 2 sin (45° + @) cos (2 6 — 45°) 
= 2 sin (46° + 6) cos (45° — 2 @). 


74. Geometrical Proof. —In the figure, OD bisects the angle GOP, and 
is therefore perpendicular to QP. Using the notation there shown, we have 
QOP=u—-v; «. Q(OD=DOP=}3 (u—v); 
AOD=A0Q+ QOD=v+} (u—v) =} (u+0); 


FPQ=GDQ=AOD=} (u+v). Then, if the 
radius = 1, 


sin u+sin v= BP+ CQ=2 ED=2 ODsin AOD 
=2 O0Pcos DOP sin AOD 
= 2sini(u+v)cos}(u—v). (1) 


Q 
sin u—sin v= BP— CQ=2 GD=2 DQ cos GDQ 
CA = 2 0Q sin QOD cos GDQ 
=2cosi(u+v) sink (u—v). (2) 
cos u+ cosv= OB+ OC=2 OH=2 OD cos AOD=2 OP cos DOP cos AOD : 
= 2 cos }(u+v) cos } (u—v). (3) © 


ie | 
B 


Fia. 49. 


cos u—cos v= OB— OV= —2 GQ=—2 DQsin GDQ=—2 OQ sin QOD sin GDQ 
=—2sin}(u+v) sini (w—v). (4) 
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EXAMPLES. 


Show that the first member of the equation may be reduced to the second 
(or last) in Exs. (1-7): 

1. sin (45° + x) + sin (45° — x) = 2 sin 45° cos x = V2 cos =. 

2. sin (90° + x) — sin (180° + x) = 2 cos (135° 4 a) sin (— 45°) 

= — V2 cos (185° + 2). 

. cos (180° + x) + cos (180° — x) = 2 cos 180° cos x = — 2 cos m 
. cos (270° + x) — cos (270° — x) = — 2 sin 270° sin« =+ 2sin ge. 
sin8e2+2sin5%-+sin7%=4sin 5% cos? a. 


. cos38%+2cosd5x% + cos7x% =4 cos 5a cos? x, 


ao a FP 


. cos(b —¢)—cosa=+ 2sin}(a+b—c)sini(a—b+4 3). 

8. Show that sin (\/’— /)— sin (A’— ) + sin (A’— d) may be reduced to 
4sin 4 (A/—A) sin} (2) sin} (A"—d). [The formula sin x=2 sin } x cos 3 & 
is used in the process. | 

If a+ 8+7y=180°, reduce the first member to the second in Exs. (9-14): 

9. sina +sinB+siny =4sin4(a-}+ 8) cosfacos}p. 

y = 180°—(a+ 8); .. siny=sin(a+ 8). Then 
sin a+sin 8+sin (a+8)=2sin } (a+) cos} (a—8) +2 sin } (a+f) cos} (a+8) 
= 2sin}(a + 8)[cos} (a — B)+ cos} (a+ B)] 
= 2sin}(a + 8)(2cosha cos} 8). 
10. cosa +cos 8+ cosy =4cos}(a+8) sinfasin}8+1. [Note that 
cos y =— cos (a + 8) =— 2cos*?$ (a+ 8)+1.] 
1l. cos2a+cos28+cos2y =—4cosa cos B cosy —1. 
12. sin2a+sin28+sin2y =4sinasin£siny. 
13. 2sin?a + 2sin2 B+ 2sin?y=4+4cosa cos 8 cosy. 
14. sin3da+sin38+sin3 y =— 4 cos $a cos$f cos$y¥. 
15. Ifa+6+7=360°, sina +sin8+siny=4sinjasin$ Asin$y. 
16. If a+8-+7y=—360°, sina+sin 8+2 sin 1 y=4'sin } (a+) cos? } (a—8). 


75. Circular, or Inverse Trigonometric, Functions. —If y 
is the sine of the angle or arc 2, then «# is the are whose 
sine is y. This is written 2=siny, read 
“zis the are whose sine is y.” So also if” 
tanz =m, then “x ts the are whose tangent is 
m,” written 2 = tan’ m. 

In consequence of this notation, if we have 


and wish to bring sin x into the numer- Fie. 50. 


sin x 
ator, we must write it in a parenthesis with the exponent —1; 
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J =(sinz)~’. All other exponents may be written above 


sin x 
the name of the functions ; 


— a sine e's Gins)e 

sin? x 

1. y= tan) m + tan“! n. Find tan y. 

Let tan-!m=a and tanIn=6; ..tana=™m, tan b=n. 

: tana + tan b m+n 

° — Oi et SS — eee 
Geen nY =F tanatanb 1—mn 


1 


9, tan7) — = tan +tanlg. Find a. 
m 


+n 


.. tan «2 = tan Le tan 
m 


1 
m+n 


Let a = tan-} ay b = tan) 
m+n m 


tan a — tan b m m+n 
.. tantiz=a—b;.°. «= tan(a— vi pian atau 7) ee 
ae eS m(m + n) 
m2 + mn + 1 
3.* y=sin1}+ tan! 4. Find siny. Ans. siny = 75 (4 + 8V8). 
4. tan-1 2 = tan —tan“!z, Find x =———*~——_- 
m m—n m*—mn+1 
5. tan-!@=tan-1}+4tan1,,. Find a=}. 
6.* y=sin-im+sinin. Find siny=mV1 — n? + nV1 — m3. 
7.* y=cos-im-+cosin. Find siny = nv1 — mm + mv1 — ni. 
8.* y—costm—sin-n. Find cosy =mvV1—n?+ nv1 — m2. 
9. tan-1@=tan1}—tan1}. Find a=} 
10.* m=tan-1}4 tan1}. Find m= 46°. 
11.* m=tan1}4+4 tan-11+4tan!7,. Find m= 46°. 
12.* m=2tan14—tan1}. Find m= 46°. 


Let tan-14=a, tan14=b; .. m=2a—b; .*. tanm=, ete. 

13.* m=2tan114tan1}. Find m= 45°. 

14.* Show that tan-! 4 (1 — m)=sec-!1 V5 — 2m + m?. 

Let tan} (1—m)=2; .-. tana=}(1—m); seca=V1+tan? a; 

.seczx=}V5—2m+m .. 2=seciV5—2m+ mi. 

2m. 

1—m? 

Let x =tan-1m, or m=tanz. If the equation is true, we must have 

m 2 tan x 2 tan 2% 


9 
“2 =}tan1=™ , or 24 = tan-! “=, or tan22 = — ; 
1 — m2 1 — tan? a 1 -- tan? x 


15. Show that tan-! m = } tan—] 


a formula proved in Art: 67, 
16. Show that cos-!m = }cos-1 (2 m2 — 1). 
1 2Vab _ pan-12 Vad, 


i7.* Show that sin- 
a+b a—b 
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18. Show that sin (3 —2tan-4/L—2\—, 
2 1+¢2 


i; e pred ; : 
19.* Show that }vers-!4 a? —sin—-!44a is constant for all possible values 
of a. 

Let @ = 3 vers! } q? — sin—! 14 a, and let m = vers—! 4 2, n=sin 114, 


. O=hm—n; .*. 26=m—2n; .. cos20=cos m cos2n+sin m sin2n. 
But snn=}a; .°. cosn=tv4 —a?; 


*. sin2n=4aV4—a?; cos2n =} (2 — ad. 


Also cosm=1—versm=1—4a?; .«. sinm = 4 — a’, 
Pies art De Sart S a) sa 
BCOS (2 0) ey ee deg e Sr pe 
2 2 +5 a 9 4—@=1 


5 BOWS CP OO 
Sees : 
20.* Show that tan12— © +sin—1 @ is constant for all possible values of a. 


21.* Show that vers-1 @ — 2 cot-14|/2—4 is constant for all possible 
values of a. Ms 


22.* Show that vers-!~ —2 sin)” is constant for all possible values 
Of 2. ae as 


76. To prove that tana>a>sinx whena< a a being ex- 
pressed in Circular Measure. — Let AOB = BOC = z, the radius 
being unity. Evidently A7Z’> SB, or tanz>sinz. 

Algo, since the shortest distance 
from a point to a line is perpen- o 
dicular to the line, SB< AB, or 
sinz <2. Sy 

The are AC may be considered 
as composed of an infinite number 
of infinitesimal straight lines; hence 


AT + TC>arc ABC, since ABC is 
a convex polygon lying in the tri- WA 


angle formed by a chord AC with Fie, Bt. - 
the tangent lines 7A and 7C. Then 
2AT>arc ABC, or AT >arc AB, or tanz>z. 
Hence tanz >a, and z>sinz. Q.E.D. 


77. To prove that sin, tana, and x approach Equality as 
the Angle a approaches Zero.— As the angle AOT decreases, 


% When the angles are less than 90°. 
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the points B and J approach A, and hence approach each 


other. ~ But 
SB sinz 


AT tanz 


When the angle 2 approaches zero as its limit, cos x approaches 
: Pig f lhe SB sin x 
unity as its limit. Hence ——, or 
y ~ AL tang 
limit, or sin a and tan x approach equality. 
The are x is intermediate in value between sin z and tan z; 
hence the three quantities approach equality as the angle be- 


comes smaller. ‘That is, the three ratios 


= COS 2. 


, approaches unity as its_ 


sinz sing tang 
5) a a= Sy) 
tal @ x z 


approach unity as the angle approaches zero. 

Hence we may say that when the angle is small, its sine and 
its tangent are equal to the arc itself, and its cosine is equal 
to unity. The smaller the angle, the more nearly correct will 
be the assumption. 


78. Development of sina, of cosa, and of tana.— Let us 
assume that 
sina =a-+ bx + cxz* + dz + ext + far +... (1) 


is true for all values of z Then it is true when z has the 
values + y and — y; hence 


siny =a + by + cy? + dy? + eyt + fy® + (2) 

and sin(— y)=a— by + cy? — dy’ + ey* —fy> + «. (8) 

But siny=—sin(—y), or siny+sin(—y)=0. Adding 
(2) and (3), 

2a+2cy?+2eyt#+...=0. (4) 


But (4) is true for all values of y, since (1) is true for all 
values of x. In order that all values of y may reduce the left 
member of (4) to zero, we must have a=0, e=0, e=0,.... 
Hence (1) becomes 


sin 7 = br + da + fad + (5) 


sin x 


Ta eon pela aaa (6) 
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sin x 


But as x approaches zero, approaches unity, and 5 + da? 


+ fat + --- approaches 6. Hence 


Neat (T) 
and (5) becomes 
sina = x2 + dx? + fad +. (8) 
Again, let 


cost= A+ Br+ 02? + Do + Ext + Fab + «- (9) 
Since cos z = cos(— x), we have 
A+ Be + Cx? + Da + Ext + Fa? + 
=A — Br+ Cr? — Do? + Ext — Fr’ ++ (10) 
or 2Br+2 D422 Fee +... =0. (11) 


In order that this may be true for all values of z, we must have 
B=0, D=0, F=0.---., and (9) becomes 


cosx=At Cx? + Hat + on (12) 
But when 2 = 0, (12) reduces to 
LA, (13) 


and hence (12) becomes 
cos w@ =14Cx? + Eat+-- (14) 
Substituting from (14) and (8) in the formula 
cos 22 = cos? x — sin? 2, 
wehave 14407?+16 Aet+--=14+@ o—1)28 
+(2H+C?—2d)at+-- (15) 
Equating the coefficients of like powers of 2, 
40=20-1, or 20+1=0. (16) 
16#=2H+C?-2d, or 14H—C0?4+2d=0. (17) 
Substituting from (14) and (8) in the formula 
sin 27 = 2 sin 2 cvs 2, 


we have 224+ 8022+ 32 fro+---=2c2+2(C+da)#% 
+2(H+Cd+f)a? ++ (18) 
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Equating the coefficients of like powers of 2, 


4d=C+d, or 38d—C=0. (19) 
16f=F+Cd+f, or 15f—H—-Cd=0. (20) 
From (16), C=—}. (21) 
il I 
=e: eee Dip 
From (19), “d F B (22) 
From (17) EK= ai =: 1 (23) 
; 24 [4 
ee aly = a 94 
From (20), Ee ee ag (24) 


These values, substituted in (8) and (14), give 


3 od 
ir Fs Sea — eee 


ses eel is 
San eee 
cosx=1 ie *(4 


Dividing (25) by (26), 


= LoD ees 
tanw=ax2+2x 1 350. 


In (25), (26), and (27), which are the required develop- 


ments, z must be expressed in circular measure. 


79. Computation of the Trigonometric Functions (First 
Method). — The functions may be computed by (25), (26), and 
(27), Art. 78. Thus, to find sin 20°, we place 
circular measure of 20°. 


log +? = 1.49145 log +5 = 2.4857 x =5 
col 98 = 7.18727 — 10 col 95 = 6.2288 — 10 x 
col6 = 9.22185 — 10 col 120 = 7.9208 — 10 

log a = 7.85057 — 10 log = 6.5358 — 10 e 
up e = 0.0070888 os em 0.19000482 «+. sin 20° 


{In the tables, sin 20° 


z~=t7, the 


= 0.00708 88 


0.34197 71 


= 0.00004 32 


= 0.34202 v3 


= 0.34202. 
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80. Computation of the Trigonometric Functions (Second 
Method). — From (25), Art. 78, it may be shown that 


sin 1!’ = 0.00000 48481 36811 076387, 
while arc 1/’ = 0.00000 48481 36811 09586. 
-, arc 1! —sin 1’ = 0.00000 00000 00000 02. 
Again, sin 1’ = 0.00029 08882 04563 42460, 
while arc 1! = 0.00029 08882 08665 72160. 
.*. arc 1’ — sin 1! = 0.00000 00000 04. 
Again, sin 1° = 0.01745 24064 37283 51282, 
while arc 1° = 0.01745 32925 19943 29577. 
- arc 1° — sin 1° = 0.00000 09. 
Also, from (26), Art. 78, 
cos 1!’ = 0.99999 99999 88 = 1 — 0.00000 00000 12. 
cos 1’ = 0.99999 99576 92 = 1 — 0.00000 00428 08. 
cos 1° = 0.99984 76952 =1— 0.00015. 
In computing a set of five-place tables, we may assume 
sin 1! = are 1! = 0.00029 08882 with an error of 5 x 10-®, 
and cosl’/=1 with an error of 4 x 10-8. 
Then sin 2’ = 2sin 1! cos1’3 cos 2’ = cos? 1! — sin? 1’. 
sin 8’ = sin 2’ cos 1! + cos 2! sin 1’; 
cos 8’ = cos 2’ cos 1! — sin 2’ sin I’. 
sin 4’ = sin (8’ + 1’); cos 4! = cos (8' + 1’), 
or __sin4! = 2sin 2! cos 2'; cos 4! = cos? 2! — sin? 2’. 
And so on. 


This method would be employed until the functions of all 

angles less than 80° had been computed. Then, since 
sin (30° + 2) = cos x — sin (80° — 2), 

and cos (30° + #)= cos (30° — x) — sing, 
the functions of angles between 30° and 45° would be found by 
combining the functions already found. Thus, if x= 10°, we 
have sin 40° = cos 10° — sin 20°, 
and cos 40° = cos 20° — sin 10°. 
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It is possible to compute independently the sine and cosine 
of 8°, 6°,-9°, «--, 39°, 42°, 45°. We have found in this chapter* 
the sine and cosine of 15°, of 18°, and of 36°, and we have 

3°—18°—15°, 6°=36°—380°, 9°=45°—36°, 12°=30°—18°, 
21° = 36°—15°, 24°=45°—21°, 27°=45°— 18°, 
88°=18°+15°, 39°=45°— 6°, 42°=45°— 3°. 
The values found from these relations would serve as checks 
upon the computation. 

The computations may also be checked by Euler’s and 
Legendre’s verification formulas : 


sin (36° + A)— sin (86° — A)— sin (72° + A)+ sin (72° -- A) 
= sin A. 

cos (86° + A) + cos (86° — A)— cos(72° + A)— cos (72° ~ A) 
= cos A. 


81. Approximate Assumptions. — It can be shown that 
tan 1’ — arc 1" = 0.00000 00000 00000 04; 
-are 1” — sin 1/’ = 0.00000 00000 00000 02; 
tan 1" — sin 1’ = 0.00000 00000 00000 06. 
Hence we may assume that 


sin 1’ =tani//=arei’’. (1) 


In the whole circumference of a circle there are 1296000", 
so that the error due to placing arc 1'’ = sin 1” in finding the 
circumference of a circle with a radius of unity will be only 23 
units in the eleventh decimal place. 

In the computation of elliptic orbits there occurs the 


equation M= E-—esin E, 


where M and F are expressed in circular measure. If M” is 
the number of seconds in the angle, M@= M" arc 1", and ap- 
proximately M=M"'sin1" and H= #" sint". 


Hence the equation may be written 


exes 
M" = EB" — sin E. 


sin 1!’ 


* Ex. 3, Art. 69, and Ex. 8, Art. 71. 
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Another assumption that is often made is that for small 
angles sinn’’=nsinl’’, (2) 
The error introduced is 

for 1’, n!’=60", error = + 0.00000 00000 04; 
for 1°, »'’ = 8600", error = + 0.00000 09. 


Thus, if sine == 0.4 sin 2°, we should have, since « must be 


M eo 
small, @’ sin1/ = 0.4 sin 2° or a!’ = ees Sue 3 
sin 1” 


82. Transform the First Member into the Second (or last) 
in the following examples : 


COS & -- sec @ 
1. ——_—_——— = 4 cos? 4. @ (cos? 4. a — 1). 
Sec @ 


The first member contains the angle « and the second } 4; 
hence we must change the angle. 


cos @ — 


. oO8 * = cos?e —1=(2cos?da—1)?-1 


COSa Wop ely Eaeein CP she, 
= 4 costd a — 4 cos? da = 4 cos* da (cos? 4 a — 1). 


cosec 2 a — cot2a 
cosec2a-+cot2a 


2. cosec2a+cot2a= cota. = tan?a, 


4 cota —tanea=2 cot 2a. 


We may either reduce the expression as far as possible before 
changing the angle, or change the angle and then reduce. 


i 2 @ — sin? a os 2 
(2) Osi a eT C08 sin* & _ = CD eat oa 
sin@ cosa Sin @ COS @ 4 sin 2a 
(b) i +cos2a_1 — cos 2a _ 2 cos 2a _ ae OW, 
sin 2«@ sin 2@ sin 2a 

Norse. — Avoid radicals if possible. 
5. seca cosec a = 2 cosec 2a. 8. cot 46+ tan 4 6 = 2 cosec 6. 
6. (sin}@+cos}0)?=1+4sn@ 9. sing — 2sin?« = sin x cos2z. 

2 
1 — tan? $v _ COS B. 10. } (sec 6 + sec? 4) = _l+tan?} 0 


” 14 tan? ho (1—tan? 4 @)? 
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1 2tan}v _ ping 13. 1+ tan x tan 4% = sec x. 
e 2 Lome e A 
1+ tan? $v 14. (1+ tanga)? =i tsine 
50026 = con 88 1+ cosa 
oe 2—sec?0 . 15. tanda+2sin?4acota=sina 
16. sinx (1 — (eae 1 )= an ace 
sec? % cosz—sinx cosz +sing 


1 —cos26 
17. (1 — tan? @) sin @ cos 6 = cos % a ares 
S 


Bog 05 ons 0 2 cot! 4 9: 


1 + tan?a 
——————— — SeCaia. 20. 
ae 1 —tan?a eae sec 6+ cos@—2 
19 cos@—sin@ _1—sin2@_ cos20 a1* tan 9+ 1 + tan 40 sind 
* Gosé+sind cos20 1+sin2é 1—tan}0@ ~T— sind 
22. Eig a ies ee ae 
1— tana 


23. (V1 +sina —V1—sina)* =4 sin" pa. 

24. (V1 +sina+ V1 — sina)? = 4 vos? 3a. 

25. 2sin.A—sin (A — B)—4sin Asin’ B=sin (A + B). 

26.t cos (36° + A) + cos (36° — A) — vos (72° + A) — cos (72° — A)= cos A. 
27.+ sin (86° + A) — sin (36° — A) — sin (72° + A) + sin (72° — 4)=sin A. 


98 sin x +sin2 
cos x — cos 2 « 


29. 1+ cot? 4v= 


= cot} x. 


eas al 
sin v tan $v 


80. tan? 2 v (1 + cot? 3— 
LAS Ga 3) sin? y 


sina cos}a —2cosasin}a _ 
te 2sin}a—sina = 2 ote 
32 tan?42+cot?Zx2_ 1+ cos?x 
" tan?}a—cot?}2 2cosz 
$3. Given tan }¥v alte tan 4 #, show that 
1 - _l-—ecos# 
(1+e)cos*}v+(1—eisin?}0 1—€e? 
34. tan (45° + A) — tan (45° -- A) = 2 tan 2A. 
(2) tan45°+tanA  tan45”°—tanA 
1—tan45°tan A 1+ tan 45° tan A 
_1+tanA l1—tanA 4tan A 


| istanide lite 1 — tan ie nh ae 


* After substituting, multiply both owmerator and denominator by the 
quantity sin@— 1+ cos@. 
t cos 36° = 1(1 + V6). 
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(b) 1 —cos(90°+2A) 1 —cos(90° — 2A) 


sin (90° + 2 A) sin (90° — 2.A) 
tel +sin2A _ 1 — sin2A_2sin2A_ 
cos 2A vos2 A cos 2.A - 


tan (45° + 4 .A)+ tan (45° ~ 3 A) 
* tan (45° + $A) — tan (45° - 3 A) 


86. tan (45° + 6)— cot (46° + 0} = 2 tan2¢, 
37. tan? (45° + 6)+ cot? (45° + @)==2 + 4 tan?2 6. 
88. tan? (45° + a) — cot? (45° + «):= 4 tan2 a sec2a, 


gg, tan (46° + 36) _14+ sin 0, 
tan (45°—346) 1-—sin 0 


= cosec A. 


40. tan @ tan (45° g)—-—Sin?_, 
( +39) 1 — sin é 


41. cot (45° — 3.a)— tan (45° — $0) =2 tana. 
48. tan? (45’ + }$a)= ; Teron. 
—sina 
48. tan (45° + @)+ tan oe — 0 = 2sec2 6. 
1 — tan? (45° — : 
44. = - sin 206. 
1 + tan? (45° — 


ead 1+4+sinz 
—tan}x 1-—sing 


45. tan (46° + £2) 5 


tan (45° + 42) Eh eos me + sin % 
1+ cot? (45° + 4a) 


47. sin (45° — }6)-+ cos (45° — 461:= V2 c0s $9 = S129 


V1 —cos6 


87 


2 tan 2 A. 


CHAPTER VI. 
TRIGONOMETRIC EQUATIONS. 


83. One Equation Containing Multiple Angles.* — Change 
the equation so that it shall contain a single angle, and then 
proceed as in Art. 52. 

1. cos82=sin2z; find 2. (See Ex. 8, Art. 71.) 

4 cos’z — 3cosz = 2sinz cosz. 
.. cosz(1 —4sin?2 — 2sinz)= 0. 
.°. cosz=0, giving z= 90° and 270°; 
and 1-—4sin?z—2sinz=0, giving sinz =}(V5—1) 
and sinz=— 4(Vv5 +1), or = 18°, 162°, 234°, 306°. 


2. cos2@+ cos@=—1; find @. Ans. 90°, 270°, 120°, 240°. 
3. cot26+4tang=— 2 V3; finds. Ans. 150°, 330°, 120°, 300°. 
4. cos2x7+4+ sinzx=+1; finds. Ans._0°, 30°, 150°, 180°. 

5. sin32+sin2x=sinz; findx Ans. 0°, 180°, 60°, 300°. 

6. tan22=— 2sinz; find x. Ans. 0°, 60°, 180°, 300°. 

7. tan22tanz=+1; find x. ; Ans. 30°, 150°, 210°, 330°. 
8. tan?ztan22 + 2tanz = +V3; find x. Ans. 30°, 120°, 210°, 300°. 
9. sin4dz —2sin2z=0; find z. Ans. 0°, 90°, 180°, 270°. 


The equation may sometimes be solved by the use of the 
equations of Art. 73. 
10. cos8z2—sin22=0; find 2. 
cos 32 — sin2a” = sin (90° + 32)—sin2a 
= 2cos (45° + $x) sin (46° +427)=0. 
cos (45°+ §2)=0 gives 45°+ $2 = 90°, 270°, 450°, 630°, 810°, 


or x = 18°, 90°, 162°, 234°, 306°. 
sin (45° +42)=0 gives 45° +42= 0°, 180°, 
or z= — 90° and 270°. 


* See Art. 52 for the solution of equations when only one angle is involved_ 
88 
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11. cos 6 — cos3 6 =sin2 6; find 6 by both methods. 

Ans. 0°, 30°, 90°, 150°, 180°, 270°. 

#2. sin36+sin26+4 singé=—0 ; find 6 by both methods. 
Ans. 0°, 90°, 120°, 180°, 240°, 270°. 
183. cos26= sind; find @ by both methods. Ans. 30°, 150°, 270°. 
14. cos5@ — cos3¢@ + sind =0; find 0. Ans. 0°, 180°, (2n+3$43)2. 
; 4 
15. sin5¢ + sin36 + 2cos@=0; find a. Ans. 90°, 270°, (2n + $)=. 
4 


16. sin (60° — x) — sin (60° + x) =+ 3 V3; find a. Ans. 240°, 300°. 
17. sin (30° + x) — cos (60° + x) =— } V8; find x. Ans. 210°, 330°. 
18. cos4z —cos2z=0; find z. Ans. 0°, 60°, 120°, 180°, 240°, 300°. 


84. Find r and > from the Equations 


r sind = a, (1) 
rcos d= b, } (2) 
a and 6 being known. 
(1) +(2) gives tang = - (8) 
From (1) and (2 en eee 
rom (1) and (2) ita Sad (4) 


1. Find r and ¢ when log a=0.47141, and log b=0.63927 n, r being positive. 


log (7 sin ¢)= log a = 0.47141 (1) 

log sin @ = 9.74972 (5) 

log cos ¢ = 9.91758 n (6) 

log (r cos ¢) = log b = 0.63927 n (2) 
(1)—(2) = log tan ¢ = 9.832142 (3) 

> = 145° 48/.4 (4) 

(1)-—(6) =(2) —(6) = logr = 0.72169 (7) 
r = 5.2685 (8) 


The numbers on the right indicate the order in which the quantities are 
found. If the two values of logr had differed, we should have taken that found 
from log cos ¢, as a small error in log tan ¢ would, for this value of ¢, affect the 
logarithmic cosine less than the logarithmic sine. The angle ¢ is placed in the 
second quadrant, since r cos ¢ is negative and r sin ¢ positive, r being considered 
positive. 

2. Find rand ¢ when log a=0.46843 n, and log b=0.43742, r being positive. 

Ans. » = 312° 57'.4; r= 4.0178. 


8. Find r and ¢ when loga = 1.46444n, and logb = 1.86903n, r being 
Leary Ans. ¢ = 201°30/.0; + = 79.497. 
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85. Find r, >, and 9 ‘from the Equations 


7 Cos } cos = a, G) 
r sin > cos 8 = Bb, (2) 
r sin @ =C, (8) 
a, 6, and ¢ being known. 
b 
(2) + C1) gives _ tan i) ae (4) 
a “B 
=— = 5 
From (1) and (2), rcos@ Gere (5) 
From (3), risin @ 16: (6) 
(6) +(5) gives tan 9 =< gt a = one. (7) 
From (5) and Ae 
a = b ry Oe (8) 


~ 60S pcos@ singcos@ sin 6 


1. Given log a = 0.46472, logb = 0.72413 n, log c = 0.62817, find r, ¢, and 
6, 9 being numerically less than 90°, and r being positive. 


log (r cos ¢ cos 0) =loga= 0.46472 (1) 

log cos ¢ = (9.68314) Only as a check. (5) 

logsin¢ = 9.94256 n (5) 

log (r sin ¢ cos 6) =logb= 0.724132 (2) 

(2) — C1) =logtang= 0.25941 n (8) 

= 298° 49.4 (4) 

(2) — (5) =(1) —(5)= log (rcos @)= 0.78157 - (6) 
logcos@= 9.91291 (10) 

log sin @ = (9.75951) Only as a check. (10) 

logc = log (rsin ¢)= 0.62817 (7) 

(7) —(6)=logtan@= 9.84660 (8) 

O= 35°51 (9) 

(6) —(10)=(7) —(10)=logr= 0.86866 (11) 
r= 7.8903 (12) 


The angle ¢ is placed in the fourth quadrant, since rcos@ is positive, and 
therefore cos ¢ must be positive and sin ¢ negative, 7 cos ¢ cos @ being positive 
and rsin ¢ cos @ negative. 


2. Given log a = 0.26908 n, log b = 0.32426, log ¢ = 0.36903 n, find r, ¢, 
and @, r being positive and @ numerically less than 90°. 
Ans. ¢ = 181° 22/.0; 6 =~ 39° 45'.6; r= 38.6572, 
8. Given log a = 9.48942 n, log b = 9.40403 n, log ¢ = 9.56700 n, find Tr, 
6, and @, r being positive and @ numerically less than 90°. 
Ans. @ = 222°40'.1; @ = — 44°36'4; r= 0.526425 or 0.52544, 
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86. Find $ from the Equation 
' asind+beosp=c qd) 


by formulas adapted to logarithmic computation, a, b, and ¢ 
being known. 
Let M be an auxiliary angle and m a positive constant, 


so that 
m sin M =a, } 


mcos M = 6b. eh. 


The angle M is always possible, for we have, by division, 
tan M = % (8) 


and since the tangent may have any value between +o and 
— oo, there will always be some angle whose tangent is equal 
to - Also, squaring and adding Eqs. (2), we have 

m2 ER M+ m cos? M= m? = a? + 6, 
or m=Va® + 0. (4) 
Therefore the assumptions in (2) are always possible, since M 


and m will be real quantities if a and 6 are real. 
Substituting (2) in (1), we have 


msin M sin ¢ + m cos M cos $ =¢, 
or m cos (6 — M) =e. (5) 


Hence, from (2) find M and m by the method of Art. 84; 
from (5) find ¢ — M (two values < 360°), and thence find ¢. 


1. Find ¢ when 2sing — 38cos¢=1. 
Ans. M = 146° 18'.6; ¢ = 220° 12/.6, or 72° 24!.7. 


9. Find ¢ when 2sin # + 4cos¢ =— 3. 
Ans. M = 26° 83'.9; ¢ = 158° 41!.8, or 254° 26.0. 


87. Find ¢$ from the Equation 
atan¢ + beotd=c 


by formulas adapted to logarithmic computation, a, 6, and ¢ 
being known. 
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Substituting for tan¢ and cot ¢ in terms of sind and cos ¢, 
we have, after reducing, 


(a—b)cos2¢+csin2d=a+ 6. 


Let Oe Rear .. msin(M+2¢)=a+0. 
m cos M = ce. 


1. Find ¢ when 2tan ¢ —cot¢ =— 3. 
Ans. M=135°; ¢ = 15° 41'.0, 119° 19/.0, 195° 41.0, 299° 19/.0. 
2. Find ¢ when tan ¢ + 3cot ¢ =— 2 V3. 
Ans. M = 210°; ¢ = 120° or 300°. 


88. Find > from the Following Equations, a and « being 
known: 


(a) sin(¢é+a)=asing. (1) 
Expanding, sing cosa + cos¢ sine = asin. 
*, sin¢@(a — cos@)= cos ¢ sing. 
‘cans t — _ sing 2 
ee a& — COS « @) 
Eq. (2) is not adapted to logarithmic computation. But 
from (1) we have 
sin(d+e) a 
sn®@ 1 
and, by composition and division, 
sin(¢?+e)+sing@G a+1 
sin(@+a)—sing a—l1’ 
and this, from the equations of Art. 73, becomes 
tan(@6+de) a+ 


tanja  a—l 
or tan(p+fe)=2* 7 tanta. (8) 
Let tan 8 =a, and note that tan 45° = 1. 
-. tan($ + }e) = eee as fee tan te 
eae 3 as 5 Genta) 


. tan(¢d +3) =cot (B — 45°) tanha. (4) 
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(6) cos(¢+a)=acos¢. 
1. tar.(@+4e)= tan(46° — 8) cot}a, if tanB=a. 
(c) sin(«- ?)=asin¢. 
.-. tan(¢? — d«)= tan (45° — 8) tan}a, if tanB=a. 
(qd) sin(¢é+a)=acos¢. 
. sin(¢d + «)=asin(90° + ); 
>, tan (45°+ +4 «) =cot (45° — 8) tan (45°—4 2), if tan B=a. 
(e) cos(d¢+a)=asin ¢. 
-. cos(¢ + «) =a cos (90° — d); 
-. tan(@+4a—45°) = tan (45° — 8) cot (45° +4), if tan B=a. 
Nore. —The equation as'n(¢ + a)=a!s.1(¢ +4!) and similar equations 
may be solved by expansion, the solution of the given equation being 


‘sina! — asina 
tan ¢ = ee ea, 
acosa—a/!cosa! 


A solution adapted to logarithmic computation may be found by the method 
of this article, giving 


tan [¢ +} (a + a!)]= cot (6 — 45°) tan} (a — a’), if tan = o. 
89. Find $ from the Following Equations, a and « being 
known: 
(a) sin(@+e)sing=a. 
From (8), Art. 72, 
cos a — cos(2¢ + «)= 2a. 
-, cos(2p+«)= cosa — 2a. (1) 
Let tan p = 2a . (2) 
sin @ 
cos « cos B—sin «sin 8 
cos 8 


56 cos (2p +a) =e FE). (38) 


(6) sin(«—¢)sing=a. 
-, cos(a@ —2@)— cosa= 2a; 
-, cos(@ —2)= cosa + 2a. 


Boe cos (a — 2) = SE), it tan B= 24. 


. cos(2¢+a)=cosa—sine tan B= 
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(e) sin(¢?+«)cosd= @. 
*. sin(2é+«)+smea=2e. 
e sn 2$ +@)=24—sine =SB= if tang = SS 
(a) cos($ + «) cos$ =a. 
*. cos (26 + «)+ cose= 2a. 
a. oot(2$-40)= tet epee ETE) Ae 
cos 8 sine 
(e) cos(é+e)singd=—a. 
‘ sin (264 «)=2e4sine= UGCA) if tan @=—*. 
cos 8 eos 
90. Find $ from the Following Equations, a, «, and «’ being 
known : 
(a) tan($+«)=aiand. 
. tan(@@+e)_«@ | tan(@@+e)+tang_ail 


“" tang 1°” tan(é+«)—tané ae Ve 
= sin(2$+¢)_a+1 a) 
er sine a-—l 7 i 
Let tan 8=a; re3) 
@+1 
=n si ot G— 45°), 
and sin (246 + «)= cot (8 — 45°) sinew e) 


Find 8 from (2) and 2¢+ from (8). 
(6) tan($+ «)= acotéd 
-. cos(2¢6 + «)= tan (45° — 8) cose, if tanS=a 
(e) cot (« — d)=acotd. 
*. sin (2$ — e)= tan (8 — 45°) sine, if tan8=@ 
(d) cot (6+ «)= acot(d —e). 
~. sn 2¢= cot (45° — 8) sin 2a, if tan8=« 
(e) tan($ + «)=atan ($ + &’). 
-. sn(2$+ e+ &)= cot (8 — 45°) sin (e — &’), iftan8=«@ 
(Ff) cot ($+ «)=acot ($+ e’). 
*. sin (26+ «+ ’)=cot (8 — 45°) sin (e’ — @), if tan B= a 
(g) cot (6+ «)=atan ($+). 
. cos(2$+ a+ @)=tan (8 — 45) cos (e — &’), if tan8 =a 
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91. Find from the Following Equations, a, a and @ being 
known: * 


(a) tan(d?+«) tand=a. 
*. sin(d+) sing =acos (p+) cos. 
From the equations of Art. 72, we have 
—cos(2¢+«)+ cosa=acos(2p+4)+a cosa; 
Oe cos (2p + @) = 5 —* 
Let tan 8 =a. 
. cos (26+ «) = tan (45° — £) cosa. 
(6) tan(d+«) cotd=a. 
. sin (2¢+«)=cot (8 — 45°) sina, if tanB=a. 
(ec) tan(¢+«) tan (Pd —a)=a. 
.*. cos 2¢ = tan (45° — 8) cos 2a, if tanB=a. 
(d) tan ($+) cot (P+a’)=a. 
-. sin(2¢+a+)= cot (B— 45°) sin(a—a’), if tanB=a. 


COS &, 


92. Find r and $ from the Following Equations, a, 0, a, and 

B being known : | 
rsin(?+a)=a, (41) 
r cos ($+ f)= b. (2) 


, sin(@@+a) @ , — al 
eGR) ab b sin (f + «)=acos (+ f). 


ots bsin f cosa +b cos ¢ sine = acos ¢ cos 8 — asin ¢ sin B. 
.. dsingcose+asing sinB=acos¢ cos 8B —bcos¢ sina. 


.. sing (6 cosa + asin 8)= cos $ (acos 8 —bsina). 


acosB—bsine 
Re Pp scl soll SPR mata 3 
aa? bcosae+asin§ om 
a b 


SS —— i 4 
and i sin(@+«) cos(¢+ Pf) &. 


The quadrant of ¢ will be determined by the sign assigned 
to r. 


* The method of Art. 90 may be used, since tan « = | and cotz= hades 
cot« tan % 
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1. Ifrsin(¢+a)=4a, and rsin(¢ + 8)=4, show that 
tan pS eee 

b cosa — acosp 

9. If rcos(¢+a)=4a, andrcos(¢+ f)= b, show that 


a cos 8 — b cosa 


tan ¢ = 
? asin B —bsina 


93. Find r and > from the Following Equations, a, b, «, and 
8 being known, and the formulas derived being adapted tv 
logarithmic computation : 


cas bee) Q) 
rsin(d?+ B)=0. (2) 
(1)4+Q=  r[sin(P+e)+sin(G+A)]=a48s 

. 2rsin[?+4 (a+ B)] cos} @—f)=at+b. (3) 
()-@=  r[sin(@+a)—sin(@+A)]=4-05 

-, 2rcos[o+4(4+B)] sind (a—f)=a—6. (4) 
From (38) and (4), we have 


r sin [¢ Ce 
2 


1 uk = ee 
rcos[P+3(a+P)] 2sink(a—B) 
from which r and ¢+4(a+ ) are found by the method of 
Art. 84. 


1. If rcos(¢+ a) =a, and rceos (¢ + 8) =}, show that 


reos [b+ ia + A= > teh 
rsin[¢ +}(a+ 8)] =saaee =a 


2. If rsin(@é+a)=a, and rcos(¢+8)=b, show that by placing 
cos (¢ + 8) = sin (90° + ¢ + 8) we may obtain 


rsin [¢ + 45° +1 a Oe 
! eG 2 cos [45° — 3 (a—B)]’ 


r cos [op + 45° + 1 —) = ere 
C i(c +8) = on [ee Gees 


8. Find r and ¢ when rsin(¢ + 100°) =2. and rsin (¢ + 200°) = 8, 
e being positive. 
Ans. ¢ = 200° 28/.4; r = 3.9436. 


CHAPTER VII. 
OBLIQUE PLANE TRIANGLES. 


94. It has been shown in Geometry that a triangle can be 
constructed when three elements, one being a side, are known. 
If the three angles only are given, there will be an infinite 
aumber of triangles satisfying the conditions of the problem, 
since the data determine the shape and not the size of the 
triangle. 

We also know that in any triangle 


(1) The sum of the three angles is 180°. 

(2) If one angle is 90°, the sum of the other two is 90°. 

(3) The greater side is opposite the greater angle, and 
conversely. 

(4) Any side is less than the sum of the other two. 


95. The Sine Proportion. — The sides of a triangle are to each 
other as the sines of the opposite angles. 


by 


Ls} 


D 
Fie. 52. 
In Fig. 52, p=asiny; p=esina, 
*, asiny =csina. (1) 
sin @ a c 
— se Olas = (2) 
e siny sine siny 


CROCK. TRIG. —7 37 
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In Fig. 53, 
p =asiny! = asin (180° — y) =asiny, and p=csina. 
*, asiny =csina, as before. 


In the same way, by drawing a line perpendicular to AB 
_ from C (Figs. 52 and 53), we can show 
that 


ree Ss 
sine sin§ 
Be ee ee (3) 


sina sinB siny’ 
true for both acute and obtuse angled 
triangles. 


is 


Nort. — The constant quotient 


a 
Fie. 64. called the modulus of the triangle, and is equal 
to the diameter of the circumscribed circle. 


For, in Fig. 54, c= AB=2 Rsin AOD=2Rsin} AOB=2 #siny. 


ae au = ty 
sin y 


96. The Square of Any Side of a Triangle 7s equal to the sum 
of the squares of the other two sides, diminished by twice the 


product of the two sides multiplied by the cosine of their included 
angle. 


“ 
by 


Ls} 


fe ae a a ee ae en — 


Fig. 55. 


From geometry we have, in Fig. 55, 
e=a?+—2b- DC=a? + b%—2abeosy. qd) 
Also, in Fig. 56, — 
P= a+ 242b-CD=a?+l? 4+ 2ab cosy’, 
or c=a?+b?-2abcosy * (2) 
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This relation may also be proved as follows : 
In Fig. 55, b=AC=AD+ DC=ccosa+acosy. 
In Fig. 56, b= AO = AD — CD=ccosa—acosy 
=ccosa+acos¥. 
.. b=ccose+acosy. 
.. ecosa=b—acosy. 
.. cos? a = a? cos? y + 6? — 2 ab cos y. 
But c? sin? @ = a? sin? y, from (1), Art. 98. 
By addition, 2 = a2 + b? — 2 ab cosy, 


since sin? z + cos?a=1. 
97. Case I. Given One Side and Two Angles (a, a, B). 
Formulas: y=180°—(«+8); 


1. Solve the triangle when a = 3.4856, 
a = 17° 43/.4, y = 60° 86'.7. ; 
a. B = 180° —(a + y)=101° 40'.9. Fra. 57. 


(a) By natural functions. 
b =a x sin# ~ sina = 3.4356 x .97929 + .30442 = 11.052. 
c= ax siny + sina = 3.4856 x .87117 + .30442 = 9.8318. 


(b) By the use of logarithms. 
log b = loga — log sina + log sin B = loga + colsina + log sin 8. 
log c = loga — log sina + log sin y = loga + colsin a + log sin y. 


log a = 0.53600 log a = 0.53600 
col sina = 0.51652 col sin a = 0.51652 
log sin 8 = 9.99091 log sin y = 9.94010 

log b = 1.04348 log c = 0.99262 

b = 11.052 c = 9.8315 


2. Solve the triangle when c = 54.376, a= 108° 3/.2, 6 = 40° 10/.3. 
Ans. y = 86° 46.5; b = 58.591; a= 88.478. 


3. Solve the triangle when a = 0.14823, a= 58° 17/.3, B = 62° 23/.5. 
‘ans. y = 64°19/.2; b= 0.15832; c = 0.16101. 
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98. Case II. Given Two Sides and the Angle Opposite One 
of them (a, c, a). — From the sine proportion, we have 


sin y = ‘ sina. | | qd) 


Since y is found from (1) by means of its sine, it may have 
two values, one in the first and one in the second quadrant, their 
sum being 180°. Therefore there may be two triangles with 
the given elements. 

If @ is obtuse, y must be acute, since there can be only one 
obtuse angle in a plane triangle, and there will be only one 
solution. 

If @ is acute, and a is greater than e, y will be acute, since 
« must be greater than y, and there will be only one solution. 


If « is acute, and a is equal to ec, there will be only one 
solution, since the points C’ and A will coincide. 

If « is acute, and a is less than ¢, y will be greater than 
a, and therefore y may be either in the first or in the second 
quadrant. 


In order that there may be two solutions, the given angle 
must be acute, and the side opposite it must be less than the 
side adjacent. 


If a= DB, the two triangles will be coincident, y being 90°. 
If a is less than DB, the triangle will be impossible; this wili 
be shown in the computation where sin y, found from (1), will 
be greater than unity. 

If we use primed letters to represent the unknown eiements 
of one of the triangles, and unprimed letters for those of the 
pther, we have 


Formulas 


or 


OBLIQUE PLANE TRIANGLES. 101 


. Cae ° 
gin y =— sine = sing’; 
a 


B= 180°—(a+y); B'=180°—(a+y'); 


a : a : 
b= 5 sin B; = - sin f’ ;s 
sin @& Sin &@ 
b ce : 1 ce ° , 
Paes s1n jee = ey sin B ° 
sin y sin y 


1. Solve the triangle when a = 9.4672, c = 14.483, a = 11° 14/3. 


In this example a< 90°, a<c; 


.*. two solutions. 


log sin-y = log c+cola@ + log sin a = log sin y!. 
B= 180° —-(a+ y); B/ =180°-(a +7’). 
log 0 =loga + col sina + log sin 8 = loge + col sin y + logsin B. 
log 6! = log a + col sin a + logsin 6! = log ¢ + colsin y! + log sin Bl. 


log ¢ ‘= 1.15936 
col ¢ = 9.02378 
jog sin a = 9.28979 
log sin y = 9.47293 
Y= 


le 


TS gta 
7! = 162° 42'.9 
-* B= 151° 28'.6 
625288 


log a = 0.97622 
col sin a = 0.71021 
log sin 6 = 9.67899 


log c = 1.15936 
col sin y = 0.52707 
log sin B = 9.67899 


log b = 1.36542 log 6 = 1.36542 

b = 23.196 6 = 23.196 
log a = 0.97622 log c = 1.15936 
col sin a = 0.71021 col sin y! = 0.52707 
log sin 8! = 9.02259 log sin 6! = 9.02259 
log b! = 0.70902 log b! = 0.70902 

b! = 5.1170 b! = 5.1170 


2. Solve the triangle when a = 2.4741, c = 1.0008, a = 69° 14!.8. 


Ans. y = 22° 12/8; B = 88° 32/4; b = 2.6449. 


8. Solve the triangle when @ = 10.473, 6 = 12.987, a = 44° 11/3. 


8 = 59° 48).5 sy = 76° 0/.2 sc = 14.579 ; 


Ans. 
fn A = 120° 11.5; y/ = 15° 371.2; cf = 4.0456. 


4. Solve the triangle when a = 0.43477, b = 0.40081, a = 94° 17/.6. 


99. Case III. 


Ans. B = 66° 39'.6 ; y =19°2!.8; c= 0.14228. 


Given the Three Sides (a, 6, c). 


(a) From Art. 96, 


ee COSA= 


From this equation we may find « by means of its 


cosine. 


@=h?+ c —2 be cosa. 


2 bc 


Q) 


natural 
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(b) To adapt (1) to logarithmic computation, subtract each 
member from unity. 


B+e—a? 2be—P—e+a*_ a®—(b—-c)? 


ace 1 cod a T= ee sine wie 
Ae a ink dee Dak) pea Cae CE) 
.. 2sin?d a= “2 be ae S 
Let atbt+tc=28; 


~~ atb—cHat+b+e—2ce=28s—2ce=2(s—C);3 
a—bt+e=atb+e—2b6=28—2b=2(s—8). 

1 2G—)) 26-2) G= OG): 

Ee 4 be E+ be 


where s is half the sum of the 
three sides, and 6 and e are the 
sides adjacent to the angle. 


° in2z L 
e*. SIN gq & 


ep We ae Ce) CR) 
.*. sin? 5a = Fa ; 
sel, (8 — &)(s —€) =? 
3 
Fic. 59. of (S= @G 58) 
; sin ae —— ab —e 


(c) Again, adding each member of (1) to unity, 
B+ 2—a?_ 2be+HR+eA—a_ (b+c)?—a 


1+cose#=1+ ar a sh 
ots 9 ont Lie ee SOE Ee) Cah eS 
2 be 2 be 
eee cotig =F SO), 
oon ge = (8) 
cos? ty = 5 CO). 


(d) Dividing sin? 4« by cos?4a, we have 


tant? 2 OG =e] 
2 S(S$— a) 
Similarly, tan? 3p = bs Oh =e (4) 


s(s — b) 


1. _(s—a)(s— 6b) 
re aS s(s—c) —- 
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Or 
eee fae mea) b=) A 
s(s—a) 8 (s—a)? 
“Gs tan } a= —— a 

Let 5 OEIC) (5) 
° ee r : 

A o*. tan; la 

Similarly, . tan 5B =~ £ - (6) 

’ tan 5y=5 > 


The angles of the triangle may be found from (2), (8), (4), 
or (5) and (6), the computation being checked by 
1 — 
daot+iB+iy=20°. 
In finding all the angles, (5) and (6) should be used. 
Norr.—The tabular difference for tana is greater than that for either 
sinz or cosz, so that a small error in tan will affect the angle x less than 
would a corresponding error in sinz or cosa. Hence the angles should be 
determined by means of their tangents whenever practicable. 
Again, when « is less than 45°, the tabular difference for sin x exceeds that 
for cos z,and when « is greater than 45°, the tabular difference for cos x is the 
greater. Hence the angle should be determined by means of its sine rather 


than its cosine when the angle is less than 45°, and by its cosine rather than its 
sine when it is greater than 45°. 


Nore. —;r is the radius of the inscribed circle. For, considering the areas, 


A ABC=A 0AC+ A 0CB+A 0BA 


-4Cor +22or+42 op 
2 2 2 
=1(AC+ BC+ AB)r=sr. 
But, from Art. 109, 
A ABC =V%s(s—a)(s— b)(8— ©). 


= [(s—a) oe (s—¢) 


1. Solve the triangle when a = 0.0093146, b = 0.0176530, ¢ = 0.0095768. 
log r = 1 [log (s — a) + log(s — b) + log (s —¢) + cols], 
log tan }. 4 = logr — log (s — a), ete, 
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a = 0.0098146 log (s — a) = 7.95219 — 10 
b = 0.0176530 log (s — b) = 6.79183 — 10 
¢ = 0.0095768 log (s — c) = 7.93929 — 10 
2s = 0.0365444 col s = 1.73821 
$s = 0.0182722 log r2 = 4.42152 — 10 
s— a = 0.0089576 log 7 = 7.21076 — 10 
s— b = 0.0006192 .*. log tan 4 a = 9.25857 
s— c= 0.0086954 | La =10°16'8 
sum = 0.0365444 log tan 1 8B = 0.41893 
2s = 0.0365444 5 B= 097 Sine 
a check. log tan 1 y = 9.27147 
Ly = 10° 35/0 


In finding log tan } a, write log r on the margin of a slip of paper, place it 
above log(s—a), and write the difference of the two logarithms opposite 
log tan 4a; then find log tan}.8 and logtan } in the same way. Find s— a, 
s—b, and s—c ina similar manner. 


2. Solve the triangle when a = 32.456, b = 41.724, ¢ = 53.987. 

Ans. 44 = 18° 27!.4; 18 =25°16/3; 17 = 46° 16/4. 
8. Solve the triangle when a@ = 0.14679, b = 0.10433, ¢ = 0.04796. 

Ans. 44 = 78° 20'.4; £8 =11°29'4; y= 5° 10/.2. 


100. Case IV. Given Two Sides and the Included Angle 
(6, c, a). First Method. — The sum of any two sides of a tri- 
angle is to their difference as the tangent of half the sum of the 
opposite angles is to the tangent of half their difference. For 
we have 


6 _sin 8. 


e siny 
By composition and division, 
b+e_sinf+siny 
b—e snS—siny 
_2sin$(B+y) cos (B-Y). 
° ~ 2cost (B+) sing (B— 4) 


(Arta {35} 

tan 5 (B + y) 
eve am * e (1) 

But © tan 5 (B — y) 
8+y=180°—a; (B+) =90°—da. .. tant (B+y)=cotda. 


se tan } (B— 7) =; “cot ba. (2) 
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From (2) we find }(8—y); adding $(8—y) to 4(6+y), 
we have 8, and subtracting 4(8 — vy) from $(8 + ¥), we have 
y. Then the third side is found from the sine proportion. 


Formulas: tani(8—y)= as cot da, 
c 


}(8 +7) =90°— fa, 
Pry) Sy); 
ee Cty) 7 (ay), 
qg 0 Sina _esina 

sin8 siny. 

In using (1) or (2) the greater side and the greater angle 
should be written first; thus, if ¢ were greater than 6, we 
should use ec —6 and y —8 instead of 6—e¢ and B—y. If the 
smaller side is written first, the tangent of half the difference 
of the two angles will be negative, giving the half-difference 
as an angle between 0° and — 90°. 

1. Solve the triangle when b = 0.14367, c= 0.11412, a = 42° 14/.6. 

ba = 21°73; 2 (B+) = 90° — fa = 68° 62/.7, 
log tan 4 (8 — y) = log (6 —c) + col (6 +c) + log cot ha. 
log a = log b + log sin a + colsin 8 = loge + logsin a + colsin y. 


b —c = 0.02955 log b = 9.15737 
b+ ¢= 0.25779 log sin a = 9.82755 
col sin B = 0.00140 
log (6 a Cc) = 8.47056 log a — 8.98632 
col (b + ¢) = 0.58874 a = 0.096900 
log cot 1 a = 0.41308 = 
log tan 4 (8 — y) = 9.47238 log ¢ = 9.05737 
4(6 — 7) = 16°31".7 log sin a = 9.82755 
4 (B+ 7) = 68° 52.7 col sin y = 0.10141 
B = 85° 24!.4 log a = 8.98633 
ry = 52° 21/.0 a = 0.096902 


2. Solve the triangle when a = 101.47, c = 99.367, 8 = 47° 48/.2. 
Ans. a = 67° 27'.1; y = 64° 44.7; b = 81.396 or 81.394. 


$. Solve the triangle when b = 19.937, ¢ = 62.475, a = 180° 9.4, 
Ans. B = 11° 26'.1; 7 = 38° 24!.5; a = 76.858 or 76.860. 
101. Case IV. Given 0, c, a. Second Method. — To prove 
the equations 


asini(B—y)=(6 —¢) costa, | (1) 
acosk(B—y)=(6 + ¢)sinz a. (2) 
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b sin le b+e_sinf+siny, 
Cc 


siny — ce sin ¥ 
LO bia 2 Eg On ae eee ee 
"* sinB+siny siny singe sin(8+ +7) 


6 eles Ol es 
** 2sind(B + ¥) cosh (B—-Y 2sind(B+7)cosZ(B+y) 
., acosi(B—y)=( + ¢)cos3(B+%) 


=(6+c)sind«a. Q.-E.D. 
Similarly, Bate ol reduces to 
, ; 


asin} (B—y)=(6—¢)sin3(8+Y)= (6—c) cos $a, 
1. Solve the triangle when b = 0.14867, ¢ = 0.11412, a= 42° 14.6. 
b—c=0.02955 (1) (4)+(6)=log [a sin 4 (6 — 7) ]= 8.44036 (8) 


b+¢=0.25779 (2) log sin } (8 — y)= 9.45404 = (12) 

La =21°7'.3 (8) log cos } (8 — y) = 9.98167 (12) 

Sener ae (5) +(7) = log [a cos } (8 — y)]= 8.96799 (9) 
10} _ =O; ———- 

aay fi = 9.96980 es log tan (8 — y)= 9.47237 (10) 

—— 4 (8 —v)=16°31.7 (11) 

log (b + c)= 9.41126 (5) 4(8 + y) = 68°52'.7 = (14) 

log sin La = 9.55673 (7) B = 85°24'.4 (15) 


y = 52°21'.0 (16) 
(8 — 12) =(9) — (12) = log a = 8.98632 (13) 
a = 0.096900 (17) 


9. Solve the triangle when b = 2.3671, c= 1.4345, a = 112° 43/.4. 
Ans. B = 42° 54!.5 5 -y = 24° 22/1; a = 8.2069. 
8, Solve the triangle when a = 101.47, c= 99.367, B =47° 48/.2. ; 
Ans. a = 67°27'1; y = 64° 44!.7; b = 81.396. 


102. Case IV. Given b,c, a. Third Method. —To find the 
third side only. 
a = 024 c?— 2 be cosa. 
But 
cosa=1—2sin?)d a, 
2. @=04 22 be+4 be sin? « 
=(b—c)?4+ 4 be sin? da 


4be sin? le 
pate ray 2) B) f 


i 
a= b— eat 4 20e sin’ be. 
‘ ) a (6 —c)? 
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Let z be an angle such that 


4 be sin? ha, 


tan? ¢ = Poe r) 
2 sin 4 
or tan e = 2 Vbe, (1) 
—ce 


This assumption is possible, since the value of the second 
member of (1) must lie between +0 and —oo, so that there 
will always be some angle whose tangent is equal to this 
quantity. 

. a=(b—c)V1 + tan?x=(6 —¢)secax; 
or qe es, (2) 


Cos & 
First find # from (1), and then a from (2). In these equa- 
tions 6 — ¢ is replaced by ec — 6 when e>6. 
1. Find a when c = 1.4345, 6 = 2.3671, and a = 112° 43/.4, 
log tan x = 1 (log 6 + log c)+ log 2 + log sin $a + col (b—c). 
log a = log (b — c) — log cos«&. 


log b = 0.37422 log (b -- c) = 9.96970 
log c = 0.15670 — log cos x = 9.46361 
log bc = 0.53092 log a = 0.50609 


log Vbc = 0.26546 a = 3.2069 , 


log 2 = 0.30103 
log sin 4 a = 9.92041 
col (6 — c) = 0.08030 


log tan x = 0.51720 
Li—aomOLO 


(See Art. 42 in the Explanation 
of the Tables. ) 


2. Find b when a = 101.47, c = 99.367, B = 47° 48/.2. 
o*. & = 88° 31'.17; b = 81.396. 


3. Find a when b = 19.937, c = 62.475, a = 180° 9/4. 
+. 2% = 56°23'.7; a = 76.858. 


OBLIQUE TRIANGLES SOLVED BY RIGHT TRIANGLES. 


103. Case I. Given a, a, y.—In Figs. 63 and 64, on the 
next page, draw DB perpendicular to AQ. Considering the 
first figure, in the triangle BDC we know a and y, and we 
compute DB and DC; then in the triangle BDA we know 
DB and a, and we compute AD and e¢; then 6=AD+ DC, 
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completing the solution. In the second figure, where y is 
obtuse, we know, in the triangle BDC, a and DCB= 180° —y, 
and we compute DB and CD; then in the triangle BDA we 
know DB and «, and we compute ¢ and AD; then 6= AD 
— CD, completing the solution. 


ive] 


a eat aa 


Fie. 64. 


1. Solve the triangle when @ = 3.4356, a = 17° 43/.4, y = 60° 35/.7. 
.. B=101° 4019; DC = 1.6868; DB =2.9929 ; AD = 9.3650 ; 
c = 9.8315 ; b = 11.0518. 

2. Solve the triangle when a = 54.376, y = 103°3'.2, B = 40° 10/.3. 
Ans. a == 86° 46'.5; c= 88.478; 6b = 58.592. 


8. Solve the triangle when c = 230.47, a = 21° 32'/.2, B = 36° 24/.4. 
Ans. y = 122°3'.4; a= 99.825 ; b = 161.3975. 


104. Case II. Given a, c, a.—In the right triangle ADB 
we know e and a, and we compute AD and DB; then in the 
triangle CBD we know DB and a, and we find DC and ; 
then 


b=AD+ DC; B=180°—-(a+y); 
b' = AD— DC; xy’ =180°—y; 6’ = 180° —(a+ 9’). 


Two solutions are possible only when a is acute and q is less 
than ¢ and greater than DB. 


iv ai ise 
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If w is obtuse, as in Fig. 66, we solve first the triangle 
BAD, then the triangle.BCD, and find 6= DC — DA. 
B 


t--—-------—--__- 


8 
bs 
o 

Q 


Fie. 66. 


1. Solve the triangle when c = 23.647, a = 14.135, a = 88° 17/.3. 
AD = 19.767 ; DB = 12.979; y = 66° 40/0; DC = 5.5986; 
(v= 66°40/.0; 8B = 80° 2.7; b = 25.3656 ; 
Ly! = 118° 20'.0; p! = 33°22/.7; bf = 14.1684. 
2. Solve the triangle when @ = 2.4741, ¢= 1.0003, a = 69° 14/.8. 
v's -y = 22° 12/.8; B = 88° 32!.4; AD = 0.35445; DO = 2.2905; b = 2.64495. 
8. Solve the triangle when @ = 10.473, b = 12.987, a = 44°11/.3. 
Ba b9 48 2or yea iG> Ole cs == 14.5791, 
p! = 120° 111.5; 7! = 15°87/.2; cl = 4.0455. 
4. Solve the triangle when a = 0.43477, b = 0.40031, a = 94° 17/.6. 
Ans. B = 66° 39/.6; y = 19° 2'.8; c = 0.142282, 


Ans 


Ans. 


105. Case III. Given a, b, c.— In Fig. 68, 
p=et—AD; p=at— DC 
. &—AD*= a? — DC. 
.. AD*— DC? = c*# — a2. 
e+a)(ec—a ej-a)(e—a 
Pein 0 em 4 Ge ICE) 
from which AD — DC may be computed. Then 
AD=3[6+(AD— DC)], 
and DO =}[b -(AD—- DC)]. 
If either AD or DC is negative, it is exterior to the tri- 
angle; that is, the point D is on the line AC produced. 


Having found AD and DC, the angles are found from the 
right triangles DBA and DBC. 
1. Solve the triangle when @ = 27.108, b = 16.482, c = 12.511. 
1. C—a@ = — 14.592; AD —- DC =— 35.178; AD=— 9.373; DC = 25.805. 
Ans. a = 188°31!.2; y = 17° 48.5; 6 = 23° 40'.3. 
In this example D lies to the left of 4. 
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2. Solve the triangle wren a = 32.456, 6 = 41.724, c= 53.987. 
> AD — DC = 44.607 ; AD = 48.1655; DC =— 1.4415. 
Ans. a = 36° 54'.7; y = 92° 32'.7; 8B = 50° 32 6. 
3. Solve the triangle when a = 0.14679, 6 = 0.10433, c= 0.04796. 
.. AD — DC =— 0.18448 ; AD =— 0.040075 ; DC =+ 0.144408. 
Ans. a = 146° 40!.75; y = 10°21 .0; 8 = 22°58'.25. 


106. Case IV. Given b, c, a.-—In the triangle A DB, know- 
ing cand «, find AD and DB. Then in the triangle DBC we 
know DB and DC =} — AD, so that we can compute a and ¥. 


Fie. 67. 


1. Solve the triangle when } = 1143.7, c = 1822.4, a = 15°64. 
.. AD=1759.5; DB=474.96; DC =— 615.8. 
Ans. y = 142°21'.5; @=777.68; 8 = 22°82!.1. 
The negative value of DC shows that D is to the right of C. 
2. Solve the triangle when b = 19.987, c = 62.475, a = 180° 9.4. 
. AD =— 40.288; DC = 60.225. 
Ans. y = 88° 24.5; B= 11°26'’1; @=73.857, or 76.858. 
Note that a is obtuse. 
8. Solve the triangle when @ = 101.47, c = 99.367, 8 = 47° 48/.2. 
Ans. y = 64° 44'.6; a = 67° 27'.2; 6 = 81.894. 


AREAS OF TRIANGLES. 


107. Given Two Sides and the Included Angle (0, ¢, a).— 
Represent the area by A. From geometry, in Fig. 67, 


A = 3 pb. 
But p=csina. 
505 A=ibe sina, Q) 


or, the area of a triangle is equal to half the product of the twe 
sides multiplied by the sine of their included angle. 
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108. Given One Side and the Three Angles (6, a, B, y).— 
Substitute in (1), Art. 107, the value of ¢ found from the sine 


proportion, ais b sin ”, 
sin 8 
8 _ 5? , sina sin y, 
giving A=%5 SFya ( 


109. Given the Three Sides (a, b, c).— We have 
A =} be sin « = be sind a cos da. 


From (2) and (8), Art. 99, we have 
A= oe 5G) -va@= a= WE= 0. (1) 


110. Given Two Sides and the Angle Opposite One of them 
(6, c, B).—First find y by the formula 


sin y =F sin B. 


Then a == 180°-(B+y), 
and A=} be sin a. 


EXAMPLES. 


1. Find the area when 5b = 0.14367, 2. Find the area when a = 3.4356, 
c¢ = 0.11412, a = 42° 14'.6. a = 17° 43/.4, y = 60° 35/.7. 

log b = 9.15737 esi LOLOL OD: 

log c = 9.057387 log a2 =2loga = 1.07200 

log sin a = 9.82755 col2 = 9.69897 

col 2 = 9.69897 log sin 8 = 9.99091 

log A = 7.74126 logsiny = 9.94010 

A = 0.0055114 colsina = 0.51652 

log A= 1.21850 

A = 16.539 


3 Find the area when a = 0.0093146, b = 0.0176530, c = 0.0095768. 
2s = 0.0365444 logs= 8.26179 
tts 0.0182722 log (s —a)= Ue 
3 — a = 0.0089576 log (s — b)= 6.79188 
¢ — b = 0.0006192 Fog (ei 0) 5 (98928 
s — c = 0,0086954 2)10.94510 — 20 


5 ar log A = 5.47255 — 10 
um = 0.0365444 
: UM ee A= _ 0.000029686 
a check. ast 
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4. Find the area when a = 9.4672, c = 14.433, a = 11° 14’.3. 


log ¢ = 1.15986 loga= 0.97622 log a = 0.97622 
log sin a = 9.28979 loge= 1.15986 log c = 1.15936 
col a = 9.023878  col2= 9.69897 col 2 = 9.69897 
log sin -y = 9.47293 log sin B = 9.67899 log sin B! = 9.02259 
yee 17217 log A= 1.51854 log A! = 0.85714 
yy! = 162° 42!.9 « A= 82.624 A! =7.1968 
.*. B= 151° 28/.6 ahah meer 
(es WP ANs8 


Note that log A and log A’ can be found by adding log sin 8 and log sin B 
respectively to loga + loge + col2, a shorter method than that given in this 
example. 


5. Find the area when a@=0. 018456, b = 0.023678, + = 40° 31/.4. 
Ans. 0.00010351. 


6. Find the area when c = 43.145, a = 40° 40/.3, 8 = 60° 30/.3. Ans. 538.19. 
7. Find the area when a = 1.4142, 6 = 1.6735, ¢ = 2.8588. Ans. 0.83830. 


8. Find the area when a = 14.185, c = 23.647, a = 33°17/.5. 
Ans. 164.61 or 91.948. 


111. Illustrative Examples. — The bearing of a line is the 
angle it makes with the magnetic meridian, shown by the mag- 
netic needle. ‘The letter indicating whether the line is meas- 
ured north or south of the point of beginning is written, then 
the number of degrees and minutes in the angle, and then the 
letter indicating whether the line lies to the east or to the west 
of the magnetic meridian. Thus, if the bearing of the line AB 
is S. 60° W., the line is measured from A to the west of south 
by an angle of 60°. 

The distances and the angles given in the examples are 

horizontal unless otherwise specified. 


HIN 1, From a point on a horizontal plane the 

ef ; . : 

a “Ye ans angle of elevation to the top of a crag is 40° 28/.6, 
ih bes f 

Zoe Lely ie and 4163.2 feet farther away in the same vertical 
ma plane the angle is 28°50'.4. Find the distances 

Fic. 68. from the points to the top of the crag, and its 

height above the horizontal plane. 


.. BD = 13399 feet; AD = 9956.2 feet; CD = 6463.0 feet; 
BC = 11737 feet; AC = 7578.2 feet. 
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2. A tower 160.43 feet high is situated at the top of a hill (Fig. 69); 600 
feet down the hill the angle between the surface of the hill and a line to the 
top of the tower is 8° 40/4. Find the distance to the top of the tower, and the 
inclination of the ground to a horizontal plane. 


-* ABC = 186°59'.7; AC =.725.60 feet; DAB = 46° 59/.7. 


8. To find the horizontal distance from a point A to an inaccessible point 
B (Fig. 70), the horizontal distance AC and the angles a and yy were measured 
and found to be 1042.3 feet, 72°9/.4, and 14° 13/.7, respectively. 


.. AB = 256.69 feet; CB = 994.15 feet. 


4. To find the distance between two points A and B not visible from each 
other (Fig. 71).— Select a third point C from which A and B are visible, and 
measure the distances CA = 444.88 feet, CB = 222.76 feet, and the angle 
ACB=Vi- 1.6. Ans. AB = 240.97 feet. 


C 
Fic. 71, Fie. 72, 


5. To find the distance from a point A to another point B, the latter being 
inaccessible and invisible from A (Fig. 72). — Select two points C and D sa 
that C. A, and D shall be in the same straight line, A and B being visible both 
from ( and from D. From measurement it is found that CA = 456.72 feet, 
AD = 490.74 feet, y = 71° 22!.7, 5 = 36°19/.4. 


.*» CB = 589.10 feet; DB = 942.475 feet; AB= 619.51, or 619.53 feet. 
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6. To find the elevation of the top of a church steeple D (Fig. 73) above 
the horizontal plane ACB, and the distances of the steeple from A and B. —Let 
the horizontal distance 4B — 435.53 feet, the horizontal angles a = 140° 40/.2 and 
8 = 10°7!.6, and the vertical angles y = 32° 45.6 and 7! = 1O2MIC3 


., AC = 156.95 feet; BC = 565.74 feet; OCD = 100.99, or 101.00 feet. 


The agreement of the values of CD is a check upon the observed angles and 
npon the computations. .. 


7. To find the elevation of the top of a church steeple D (Fig. 74) above 
the two points A and B, not in the same horizontal plane, the inclined distance 
from A to B, and its angle of inclination 6 to a horizontal plane being measured, 
as well as the angles a, 8, y, and 7’, shown in the preceding example. — Let 
AB=134.70 feet, 5=3° 2/.7, a=43° 14/8, B=63° 17'.5, y=56° 36/.6, y/=62° 17/3. 

[First find the horizontal distance AF and the vertical distance #B in the 
right triangle AFB; then solve the horizontal triangle AFC; and then find CD 
and ED from the right triangles ACD and BED respectively. } 


. AF = 184.51 feet; FB = 7.1553 feet; FC = BH = 96135 feet ; 
AC = 125.34 feet; OD = 190.17 feet; HD = 183.02 feet. 
Check: CD= FB+ ED. 


8. To find the distance between 
two inaccessible points A and B.— 
Select two points C and D from which 
A both A and Bean be seen, and measure 

CD = 456.32 feet, a= 30° 40'.6, 

8 = 40° 14/.8, y = 85° 16/.4, 

6 = 56° 47/.4. 
o's AD=449.09 feet; AC=274.41 feet; 
BD=398.66 feet; BC=616.66 feet ; 
AB = 405.57, or 405.58 feet. 
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9. To find the distance between two inaccessible points A and B, both 
being visible from only one accessible point 


C.—Select a point D from which A and @ Dy-;----____ / 
a 


are visible, and another point # from which 


Band C are visible. From measurement Oe eh 
CD=943.37 feet, . CH=673.33 feet, ) 
SSM es (o} (ah)? eG), 
y = 32° 14'.6, Sa SByes) } ~~. 
re toa eae 
<*. CA =1217.0 feet; CB = 222.28 feet ; i 
AB = 1035.8 feet. Fia. 76. 


10. To find the distance between two inaccessible points A and B, there 
being no accessible point from which both A and B are visible (Fig. 77). — 
Select the points C, D, EZ, and F' so that A, C, and £ shall be visible from D, 
and D, F, and Bfrom E. Measure the angles a, 8, 7, 5, e, and 6, and the dis- 
tances CD, DE, and EF. Show how AB may be found from the data thus 
obtained. 


Fie. 77. Fig. 78. 


11. Two points A and B, 8763.6 feet apart (Fig. 78), are situated at the 
sea level in the same north and south line; a vessel is seen at C, and an 
hour later at D. The required quantities are AC, BO, AD, BD, CD, and 
the angle that CD makes with the north and south line, having measured 
BAC = 120° 30/.6, BAD = 30° 14.4, ABC = 40° 18/.8, ABD = 140° 28/.2. 


_-, AC = 17260 feet; BO = 22985 feet; AD= 34552.5 feet; BD = 27340 feet ; 
ACD = 68° 141.5; ADC = 26°29'3; BCD= 44°31.8; BDO =85° 46/8; 
CD=38696, 38697, or 38699 feet : 

@=360°— BAC— ACB— BCD=170° 15/0, 
or =ABD+ BDA+ADC=176 14!.9. 
12. In measuring the line from A to B, whose direction was known, it was 


necessary to pass an obstacle at F (Fig. 79). A distance CD = 144.31 feet was 
measured, making an angle y = 19° 53'.4 with AB, and the angle 6 = 140° 10'.3 
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was laid off with the transit. It is required to find the distance DE to the line, 
the distance CZ, and the angle e, in order that the line AC may be prolonged. 


Ans. CE = 271.06 feet; DE = 143.98 feet; e = 160°3!.7. 


Fie, 80. 


13. In passing an obstacle at F it was necessary to use the broken line 
CDEG (Fig. 80). The distances CD and D# and the angles y, 6, and e were 
measured. It is required to find the distance HG to the line AB, the dis- 
tance CG, and the angle 0, when CD = 100.37 feet, DH = 94.367 feet, y = 80°, 
6 = 101° 19/.8, and e = 110°. 

.. DCE = 87° 53'.8; DEC = 40° 46/9; 
CE = 150.67 feet; EG = 108.46 feet; 
CG = 151.22 feet ; C= 1ISt985 


14. From the top of a lighthouse AB, 
200 feet above the sea level, the angle of 
depression to a ship was y=10° 14/3; an hour 
later it was y/=11°10/.6; the horizontal angle 
between the directions of the ship at the two 
instants was a = 127°14'.4. Find the distance 
sailed by the ship. 


.. AC =1107.3 feet; AD = 1012.2 feet; 
CD = 1899:8 feet. 


fom \ 1 15. A ladder 52 feet long is set 20 feet in 
AW) KJ] | front of an inclined buttress, and reaches 46 


A | [ NI] feet up its face. Find the inclination of the 
‘aa LN face of the buttress. 


Wiad B Ans. ABO = 95° 51/.8, or 95° 514.9. 


D 16. The sides of a city block measured AB = 423.24, BC= 
162.86, CD = 420.81, and DA = 160.62 feet, the first two sides 
being perpendicular to each other. Jind the angles between 
the other sides. 


.. AQ = 453.81 feet; BCA=69° 0/.8; 
BAC = 20° 591.2; ACD = 20° 45'.0; 

CAD = 68° 8'.8; CDA=91° 6.4; 

B ] BCD = 80° 45.8; BAD =89 8.0. 


17. A ship B is 12 miles S. 45° W. of a lighthouse A, 
and sails 8. 50° E. to C, a distance of 15 miles. 
distance from the lighthouse. B 


angle ABD and of the distance BD. The 
angle ABC = 70° 14'.6 is measured, a line 
BC is run 748.86 feet, the angle BCD is 
found to be 62° 14/.4, and the distance CD 
to be 912.82 feet. 


. CBD = 68° 28'.1; 
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Find its 


~~. 
res a 


C= 


1 
Ans. AC = 18.874, or 18.875 miles. 
| 
i 


Fie. 84, 


18. In surveying a field a thick wood prevents the measurement of the 


CDB = 49°17!.5; 


BD = 868.34, 868.35, or 868.38 feet; 
Fie. 85. 


ABD = 188° 42!.7. 
19. The distance OH and its bearing H'O# are required, the engineer 


having measured the distances a, b,c, d, and e and their respective bearings, 
N. 30° W., S. 60° E., N. 20° E., N. 40° W., and 
N. 50° E. 


Mu" 


OF! =OA! — B'A! + BIO! + C'D' + Diz 
= acos 80° — b cos 60° + ¢ cos 20° 
+ dcos 40° + e cos 50°. 


E'E =— AA! + B'B+C"C—DD"+E"E 
=— asin 80° + b sin 60° + esin 20° 
¢ — dsin 40° + esin 50° 
Then O£ cos L’OH= OL’, t 
OF sin HOE = E’'E; 


whence OF and Z’OEZ can be found. Then 


the quadrant of H/OZ£ fixes the direction of 
the line O#; thus, if H'/OH = 40°, the bearing is N. 40° E.; if HOH=110°, 
if H'OH = 230°, the bearing is S. 50° W.; if H/OH= 


the bearing is S. 70° E. ; 
310°, the bearing is N. 50° W. 

20. At a certain point the ancles of elevation-of the base of a vertical 
tower and of its top are a and # respectively, the height of the tower being 
h feet. Prove that the horizontal distance from the point to the tower is 
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h cosa cos B cosec( — a), and that the elevation of its top above the point 
is h cosa sin B cosec(B — a). 


21. At the top of a vertical tower whose height is h, the angles of depression 
to two points M and N in the same vertical plane with the tower were a and B 
respectively (8 >a), the points being in the same horizontal plane with the base 
of the tower. Prove that the distance MN is h sin (8 — a) cosec a cosec B. 


22. Two points Mand N ina horizontal plane are in the same vertical plane 
with a tower. The angle of elevation of the 
top of the tower from is a, and from N it 
is B, 8 being greater than a. Prove that the 
horizontal distance of the tower from WN is 
MN sina cos cosec (8 — a). 


23. Three points, A, B, and C, are in the 
same horizontal line, the distances AB and 
BC being a and 0 feet respectively (Fig. 87). 
The angles of elevation of the top of a tower 
measured at A, B, and C were a, 8, and y 
respectively. Find the elevation of the top 
of the tower above the horizontal plane 
through the points, and the horizontal dis- 
tances of the tower from the three points. 


m =hcota; n=hcotB; p=hcoty; 
m? = a2 +n? —2ancos ABD; 
p?=b? 4+ n2 + 2bn cos ABD; 
es a? +n? — m2 _p? — B= 12. 
2an 2 bn 


re ab(a+b) 


~ a (cot? y — cot? 8)+ b (cot? a — cot? B) 


24. In Fig. 88 the distances a@ and } and the angles a, 8, and y are known, 
and the distance BO =~ is required, ABCD 


being an inaccessible straight line. 
Ro oe Bay (Pe oe Tu 
sina sin. A’ sin(a+ 8) sin 
a EB = a * sin (a + 8) - a 
FC a+% sin a 
O 2ehC™: Deity eee 
siny sinD’ sin(@+-y) sinD’ 
i EG Doe sin(B+ 7), (2) 
FB b4+% sin Y 


Multiplying (1) and (2), we have 
(a+) (b+) sina sin y = absin(a + 8) sin(6 +), 


from which x may be found, since the equation is a quadratic in x. 


OBLIQUE PLANE TRIANGLES. 119 


25. Two points A and B in the same vertical plane with the top of a tower 
are on a sidehill whose angle of inclination to a 


horizontal plane is 6, the inclined distance AB 
The angles of elevation of the top 
of the tower were measured at A and B, and 
found to be a and Bg. Prove that the horizontal 


being a feet. 


distance of the top of the tower from B is 


a (cos 6 tana — sin 6) cos a cos 8 cosec (8B — a), 


and that the elevation of the top above B is 


a (cos 6 tana — sin 6) cosa sin 8 cosec (8 — a). 


26. In a hydrographical survey, the distances between three points, A, B, 
and C, on the shore having been determined, the observer in the boat P measures 


the angles 5 and e subtended by AB and BC. 


tances of the boat from the three points. 


It is required to find the dis- 


(1) Grapuicar Sorurion. — Construct on AB the segment of a circle A PB 


that shall contain the measured angle 6, and 
on BOC the segment of a circle BPC that 
shall contain the angle e. Their point of in- 
sersection: P will be the position of the boat. 
There are four possible solutions, only one 
being shown in the figure. 

(2) AnaLyticaL SoLution.—Let ADCP 
be the circle through A, C, and P. Then 
DAC =e,and DCA=5. Hence in the tri- 
angle ADC we know one side AC and the 
three angles; find AD and CD. In the tri- 
angle ABO we know the three sides; find 
the three angles. In the triangle DAB we 


- 
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SS 
es eee el 
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know two sides and the angle DAB=CAB—CAD; find ABD. Then in the 
triangle ABP we know one side and the three angles; find APand BP. Also, 
compute DBC from the triangle DCB, and then BP and CP from the triangle 


BPC. The values of BP should agree. 


given: 


27. @= 1.0481, B= 4°44, y= 22°3!.6. 


In the following examples find the last three elements, the first three being 


*, a = 158° 52/.0; b = 0.16822; c= 0.88942. 


28. @ = 103.37, a=10°11'.3, B= 88° 43'.6. 
ACh G7 stele tan! R 


29. c = 74.844, a= 105°6'.7, B= 60° 14/4. 


wy = 14° 38.9; 


b = 580.89; ¢= 683.01. 


gq = 283.82; > = 255.21. 


80. ¢ = 0.047365, B= 40°7.7 = -y = 89°41/.9. 
oa = 100°10/.4; @ = 0.072990; b = 0.047792. 


$1. ¢ = 4.4479, a= 11°11'.8, -y =57°387!.4. 
. wt. B=111°11'.3; @= 1.0219; > = 4.9106, 


420 


32. 
33. 
34. 

85. 
36. 
37. 
38. 
39. 


40. 


41. 


42. 


43. 


45. 


46. 
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48. 


49. 
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b = 148.97, 
b = 10.467, 
a = 0.67375, 
a = 1.4742, 
a = 948.42, 
a = 0.10821, 
a = 4.4821, 
= ey ili, 
= Oia. 
b = 1.4826, 
a = 46.708, 
a = 9.4827, 


| a= 0.034387, 


a= 0.79797, 
a = 37.456, 
a = 2.4568, 
a = 47.474, 
a= 14.567, 


= 30° 36/.8, y = 107° 15'.5. 
B 
*, gf ADTs a 189.645 


c= 1.4821, B= 114°10/.3. 
Y= 7910.2; a = 58°39.5; 


b = 0.438218, a = 147°11'.3. 


wt. B= 20°20'.2; y= 12°28'.5; 
¢ = 0.97674, a = 26°19'.9..,. 

ws -y = 16° 28.1; 6 = 138° 12.0; 
b= 647.15, a= 104°6'.9. 


ws B= 41°42'.0; y= 84° 114.1; 


c = 0.047323, a = 45° 9.7. 
= 115°51'.9; 


pay = Se b8h4se 8 
c= 5.47638, vy=100°11'.9. 

a @ = 62048015 B= 27°0"0; 
b= 19.476, y=47°16".7. 

e. B = 88° 15.0; ~ a= 94° 28!.3; 
c= 0.12767, a= 23°15'.6. 


.. Y= 26°59'.1; B= 129° 45/.3; 
fl ma NES Ol a fet = 
c=1.8671, y= 44°17'.3. 
Biv 47°2 WW Ora — 88. 201 Os 
Bl = 132° 5801s a! = 922 4406); 
B= DieI4T oO ie 
. B = 23°50'.9; 7 = 186° 61!.4; 
Bl = 156° Ohi siyl— 4cis3l2 
c= 10.4751, a =63°17'.3. 
.e7y = 82° 45'.0; —B = 38° 5747; 
et —= OT Cab) O Gu O> aaa 
o= 0.062774, a =9°6!.7. 
5 Ge UE fis Bas 
vl LOG: WOKS: GC) meio On 
i= 0:46731,) 8 = 23°19'26; 
Acie * 42232) by Or 
aS ero cyt 


c = 269.98. 
a = 9.79875. 
c = 0.26858. 
b = 2.2966. 
: = 546.59. 
b = 0.18097. 
b = 2.5261. 


a = 31.363. 


b = 0.21620; 


82435 51h! =10 018279! 


a = 1.9574 ; 
a! = 0.093706. 
¢ = 96.652 ; 
=A 221s 
b = 5.8990; 


b! = 8.5182. 


b = 0.094846 ; 
b! = 0.029115. 


% 
¢ = 1.07705; 


19° 12'.9; c! =0.38841. 


b = 43.987, c= 13.498. 
ws ba = 26°81'.0; £8=55°7'.0; ty = 8° 22/0. 
b = 2.4743, ¢ = 1.0047. 
+, La = 88°38'.0; 48 = 39°36/.7; Ly =11°45/.3, 
b = 100.980, c= 93.929. ‘ 
, ka = 18° 56.8; 48 = 42°10.2; Ly = 88° 53/0. 
b= 9.4769, c=11.113. 


wba = 44°60.9; 46=20°17/.5; Ly = 24°51'.5, 


50. 


61. 


42. 


53. 


54. 


55. 


56. 


57. 
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@= 2.1476, b=1-9897, c¢=3.4345. 
ee imho 227.9); 218i 15> 291.8. 
@— 116.0356 = 129.15," "¢ = 112.06: 
*, £@ = 28° 12'.9; 46 = 34°39!.2; 
6 = 113.47, ¢ = 227.79, a = 19° 48!.4. 
eee li 405! 012) ya 4224 2). Bie 
or log tan x = 9.68278 ; 
a = 99.416, c= 90.482, @=11°7'.8, 
a= 110? 2014. = 68° Bis 
or log tan x = 0.31110; 
a= 1.4342, b = 9.7672; + = 109° 19'.6. 
6 CES SMES te OBOE aes 
or log tan x = 9.86498 ; 
a@=1008.7, b = 943.67, y = 101°19'.8, 
a = 40° 4609-8 Basil bal3: 
or log tan x = 1.39930 ; 
@ = 222.76, 6 = 444.38, y= 17°17'.6. 
2 @=165°57'.0; B= 146° 45!.4; 
or log tan x = 9.63029 ; 
@ = 363.24, b= 146.18, y = 68°14!.4. 
5 eaters spe PEE sys 
or log tan x = 0.07590 ; 


ey = 47° 7.3, 


FY = 27° 7/9, 


a = 126.90; 
a = 126.89. 


b = 20.467 ; 
b = 20.467. 


c¢ = 10.330, or 10.331; 
c = 10.3381. 


c = 1506.7; 
c¢ = 1506.7. 


¢ = 240.97; 
c = 240.97. 


c = 337.55, or 387.56; 
c = 337.55. 
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FROM I TO II000. 


1.32 222 1.78 533 1.90 849 
1.34 242 1.79 239 1.91 381 
1.36 173 1.79 934 1.91 908 
1.38021 | 1.64 345 1.80 618 1.92 428 
1.39 794 1.65 321 1.81 291 1.92 942 
1.41 497 1.66 276 1.81 954 1.93 450 
1.43 136 1.67 210 1.82 607 1.93 952 
1.44 716 1.68 124 1.83 251 1.94 448 
1.46 240 1.69 020 1.83 885 1.94 939 
1.47 712 1.69 897 1.84 510 1.95 424 |} 
1.04 139 1.49 136 1.70 757 1.85 126 1.95 904 
1.07 918 1.50 515 1.71 600 1.85 733 1.96 379 
1.11 394 1.51 851 1.72 428 1.86 332 1.96 348 
1.14 613 1.53 148 1.73.239 1.86 923 1.97 313 
1.17 609 1.54 407 1.74 036 1.87 506 1.97 772 
1.20 412 1.55 630 1.74 819 1.88 081 1.98 227 
1.23045 1.56 820 1.75 587 1.88 649 1.98 677 
1.25 527 1.57978 1.76 343 1.89 209 1.99 123 
1.27 875 1.59 106 1.77 085 1.89 763 1.99 564 
1.30 103 1.77 815 1.90 309 2,00 
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THE LOGARITHMS 


OF THE 


- TRIGONOMETRIC FUNCTIONS 


FOR EACH MINUTE. 


Formulas for the Use of the Auxiliaries § and 7. 


1, When a is in the first five degrees of the quadrant: 


log tana = loga! + 7.! = log tana + cpl 7.! 


log sina =loga! + S!- | loga! =logsina + cpl S.! - 
log cct a = cpl log tana. = cpl log cot a + cpl 7.' 


logtana =loga”’+ 74 = log tana + cpl 7.” 
P 


log sina = loga" + S.” | log a!’ = log sina + cpl S.” 
log cot a = cpl log tana. = cpllog cota + cpl 7." 


2. When ais in the last five degrees of the quadrant: 
log(90°—a)! = log cos a + cpl S.! 
= log cot a + cpl 7.’ 
= cpllog tana + cpl 7% 


log cos a = log(go° — a)! + S! 
log cot a = log(go® — a)! + 7! 
log tan a = cpl log cot a. 


log(90°—a)!"= log cos a + cpl S.¥ 
= log cota + cpl 7." 
= cpl log tan a + cpl Zt 


log cosa = log(go° — a)" + S.!" 
log cot a = log(go° — a)” + Te 
log tan a = cpl log cot a. 


a = 90° —(90° — a). 
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ea L. Sin. Bas s, | Cpl. T”. || L. Tan. |e. d.| L. Cot. | L. Cos. — 


6.76 476 
6.94 085 
7-06 579 
7.16 270 
7.24 188 
7.30 882 
7.36 682 
7-41 797 
10 | 7-46 373 
11 | 7.50512 
12 | 7.54 291 
13 | 7-57 797 
14 | 7.60 985 
| 15 | 7-63 982 
16 | 7.66 784 
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E17 | 7-69 417 
| 18 | 7-71 900. 


| 19 | 7-74 248 


20 | 7-76 475 


21 | 7-78 594 
22 | 7.80 615 
| 23 | 7-82 545 
| 24 | 7-84 393 
| 25 | 7-86 166 
26 | 7.87 870 
27 | 7.89 509 
28 | 7.91 088 
| 29 | 7.92 612 
130 | 7.94 084 
| 31 | 7-95 508 
t 32 | 7.96 887 
33 | 7.98 223 
t 34 1 7-99 520 
| 35 [8.00779 
36 } 8.02.002 
| 37 | 8.03 192 
f 38 8.04 359° 
| 39 | 8.05 478 
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41 | 8.07 650 
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1 45 | 8.11 693 
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| 47 ) 8.13 581 
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53 | 8.18 798 
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58 } 8.22 713 
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8.31 505 
8.32 112 
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3.53 618 
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8.37 229 
8.37 762 
8.38 289 
8.38 809 
8.39 323 
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8.40 334 
8.40 830 
8.41 321 
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3-53 617 
3-53 O17 
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1.62 771 
1.62 238 
1.61 711 
1.61 191 
1.60 677 
1.60 168 
1.59 666 
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1.58 679 
1.58 193 


9.99 988 
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9.99 985 
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9.99 984 
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9.99 983 
9.99 983 
9.99 982 
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1.57 713 
1.57 238 
1.56 768 
1.56 304 | 
1.55 844 
1.55 389 
1.54 939 
1.54 493 
1.54 052 
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8.46 817 
8.47 245 
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9.99 982 
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9.99 981 
9.99 980 
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1.53 615 
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1.52755 
1.52 331 
1.51 911 
1.51 495 
1.51 083 
1.50 675 
1.50 271 
1.49 870 


8.50 527 


1.49 473 


8.50 920 
8.51 310 
8.51 696 
8.52 079 
8.52 459 
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8.53 945 
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1.48 690 
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1.47 921 
1.47 541 
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9-99 974 | 
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8.54 308 


| 1.45 692 | 9.99 974 


8.54 642 3.53 636 
8.54 999 au 3-53 037 
8.55 354 3-53 637 
8.55 705 
8.50054 | 342 || 3.53 637 
8.56 400 3-53 037 
8.56 743 
857984 34” || 3.53 637 

57 421 


8.54 669 
8.55 027 
8.55 382 
8.55 734 
8.56 083 
8.56 429 
8.56 773 
8.57 114 
8.57 452 
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8.57 757 


8.57 788 


8.58 089 6 
8.58 419 33! 3.53 638 
8.58 747 
8.59 072 
8.59 395 | 323 || 3.53 639 
8.59 715 
8.00 033 | 216 || 3:53 039 
8.60 349 | 37> |] 3-53 639 
8.60 662 4 3-53 639 
8.60 973 


3-53 604 
3-53 604 
3-53 604 
3-53 603 


8.58 121 
8.58 451 
8.58 779 
8.59 105 
8.59 428 
8.59 749 
8.60 068 
8.60 384 
8.60 698 


8.61 009 


[8.61 282 | 309 3.53 640 
8.61 589 | 397 || 3.53 640 
8.61 894 | 395 || 3.53 640 
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62 795 3:53 040 
27 | 8.63 OO! 3.53 641 
28 | 8.63 385 | 294 || 3.53 641 
29 | 8.63 678 | 793 || 3.53 641 
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3-53 603 
3-53 602 
3.53 602 
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3-53 601 
3.53 601 


8.61 319 
8.61 626 
8.61 931 
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21 9.08 795 es 9.09 123 ae 0.90 877 | 9.99 672 | 58 
3} 9.08 897 | 1" | 9.09 227 Be 0.90 773 | 9.99 670 | 57 
4]9.08 999 | 1° |.9.09 330 | 103 | 0.90670 | 9.99 669 | 56 
5] 9-09 101 | 1°71 9.09 434 | 103 | 0.90 566 | 9.99 667 | 55 
6 | 9.09 202 ton | 9:29 537 pe 0.90 463 | 9.99 666 | 54 
7 | 9-09 304 ror) 209 640 oo 0:90 360 | 9.99 664 | 53 
8] 9.09 405 | 61 | 9:99 742 | 143 | 2:90 258 | 9.99 663 | 52 
PP | 9:09'500 |, 9.09 845 re 0.90 155 | 9.99 661 | 51 
10 | 9-09 606 |, | 9:09 947 } 165 |.0:90953 | 9-99 659 | 50} 
11] 9.09 707 | 1] 9-10 049 | 1, | 089.951 | 9.99 658 | 49 
12] 9.09 807 ree a sole Cen eae 0.89 850 | 9.99 656 | 48 | 
BSF 229.9972 1 289.25 2st 0.89 748 | 9.99 655 | 47 
| 14] 9.10 006 | 77 1.9.10 353 | 15, | 0-89 647 | 9-99 653] 46 
15] 9-10 106 Be 9-10454 | 5, 0.89 546 19.99 651 | 45 
| 16] 9.10 205 99 | 220555 | 201 0.89 445 | 9-99 650 | 44 
17] 9.10 304 ; g.10 656 0.89 344 | 9.99 648 | 43 
18 ].9.10 402 9 9.10 756 ee 0.89 244 | 9.99 647 | 42 
|| 19 | 9-10 501 38 g.10 856 oes 0.89 144 | 9-99 645 | 41 
J2O} 9:10 599.) 591 9:10 958 | 165 | 2:89.04 | 9-99 043 140 
21 | 9.10 697 8 g.11.056 0.83 944 | 9.99 642 } 39 
| 22] 9.10 795 rea Nos 9 We Ot 99 | 0.88 845 | 9.99 640 | 38 
| 23] 9.10893] 98} or 254| 99 | 0.88 746 | 9.99 638 | 37 
| 24| 9.10990} 2? ast 353| 29 | 0.88 647 | 9.99 637 | 36 
25 | 9.11 087 97) 9 11 452 99 | 0.88 548 | 9.99 635 | 35 
26] 9.11 184| 979.11 551 es 0.88 449 | 9.99 633 | 34 
2719.11 281 at g.11 649 26 0.88 351 | 9.99 632 | 33 
28]9.11 377| 2°} 9.11 747 | 29 | 0.882 .99 630 | 32 
97 747 8 53 1 9-99 930 } 3 
f} 29] 911474 | Of 9.11 845 38 0.88 155 | 9.99 629 | 31 
}SO] 9.11570} 6, [9-11 943 0 88 057 { 9.99 627 |30 
31] 9.11 660 9 9.12 O40 a 0.87 960 | 9.99 625 | 29 
Vi 32] 9.11 761 | 9349.12 138] 2° | 0.87 862 | 9.99 624 | 28 
3319.11 857 9©| 9.12 235 | 97 | 0.87 765 | 9.99 622 | 27 
3419-11 952 95 9.12 332 i 0.87 668 | 9.99 620 } 26 
3519-12047 | 95912428] 9? | 0.87 572] 9.99 618 | 25 
30] 9.12 142 | 95] 9.12525 | 77 | 0.87 475 | 9.99 617 | 24 
37 | 9.12 236 94 9.12 621 A) 0.87 379 19-99 615 | 23 
3819.12 331 | 95] 9.12717] 2? | 0.87 283 | 9.99 613 | 22 
39] 9.12428 | 24] 9.12813 a 0.87 187 | 9.99 612 | 21 
40] 9.12 519 ae g.12 909 2 0.87 091 } 9.99 610/20 
41] 9.12 612 93 9.13 O04 95 |0.86 996 | 9.99 608 | 19 
42] 9.12 706 94 1.9.13 099 95 | 0.86 gor | 9.99 607 | 18 
4319-12799 | 93) 9-13 194. 95 | 0.86 806 | 9.99 605 | 17 
44] 9.12 892 93 9.13 289 95 | 0.86 7111 9.99 603 | 16 
45 | 9.12985 | 93] 9.13 384| 25 | 0.86616] 9.99 601 | 15 
401 9.13078 | 93] 9.13478 | 24 | 0.86 522] 9 99 600} 14 
|i a7 }9-13 171 | 2319.13 573 | 2° | 0.86427] 9.99 508] 13 
1\ 48 | 9.13 263| 927]9.13667| 24 | 0.8 333} 9 99 £96] 12 
49 | 9-13 355 | 3219.13 761 | 05 | 0.86 239} 9-99 595 | 11 
SO} 9-13 447 9.13 854 0.80 146 | 9-99 593 | 10 
92 94 = 
.I .13 948 0.86 052] 9. I 
371313832 | 9¢[ourgour | 93 | 0:85 950 9.09 389] 8 
$349.13 722| 9719.14134| 93 | 0.85 866 | 9.99 588) 7 
54] 9.13.813| 21] 9.14 227| 23 | 0.85 773] 9.99 586] 6 
551 9-13 904 91} 9.14 320 93.| 0.85 680 | 9.99 584] 5 
56] 9.13994 | 90] 9.14412| 97 | 0.85 588] 9.99 582] 4 
57| 9.14085 | 2" ] 9.14504] 2° | 0.85 496] 9.99 581] 3 
58} 9.14175 | 2°|9.14597| 23 | 0.85 403} 9.99 579) 2 
59 | 9.14 266 a 9.14 688 as 0.85 312] 9.99 577| 1 
‘|| 60] 9-14 356 9.14 780 0.85 220 } 9-99 575 | O 
d. | L. Got. |ed.| L. Tan.| L.Sin. |? | 


OW CON ONAW ND | 


OW CN ANA W VY = 


OO ON QuifwW hb & 


O ONION WNE 


© OOM QuafW Ny = 


P. P» 


33 


34 
*| L. Sin. | de | L. Tan. 
0[ 9.14 356| 9, | 9-14 780 oe 0.85 220 | 9.99 575 
| —————__————_. 9 —_—_— 
11914445 | 96 ot Si? 91 0.55 128 | 9.99 574 | 59 fe s so 
2) 9.14 535 9.14 963 g1 0.85 037 
319-14 024 | °2 | 9-15 054 0.84 946 1179.2. “9875590 
419.14 714 Ai 9.15 145 a 0.84 855 2|18.4. 18.2 18.0 
5 | 9.14 803 89 | 9.15 230 | 2! | 0.84 764 3|27.6 27.3 27.0 
6] 9.14 891 88 | 9.15 327 | 9! | 0.84 673 4 308 36.4 30.0 
12) ? . . . 
7) 9.14 980| ©9-|9.15 417 | 2° | 0.84 583} 9.99 563/53] 3/400 453  to6 
8] 9.15 069 89 | 9.15 508 | 9% | 0.84 492 | 9.99 561 | 52 55. > ee HE 
9 9.15.157| B5 [9-15 598 36, |.0:84.402 | 9.99 559 | 51 , es aes pe 
10] 9-15 245 | go | 9-15 008 | go | 084 3121 9-99 557/50] | $28 81.9 81.0 
11} 9.15 333| g@ 9:15.777 | oo 0.84 223 | 9-99 556 
12]9.15 421 | 9 g.15 867 0.84 133 | 9-99 554 
13} 9.15 508 | 87 |.9.15 956 | ©? | 0.84044 | 9.99 552 ee 
14] 9.15 596 = 9.16 046 F 083 954 | 9-99 55° f ne 
15] 9.15 683 | Of | 9.16 135 me 0.83 865 | 9.99 548 1| 89 i 
16 | 9.15 770 87 | 9.16 224 Sa 0.83 776'| 9.99 546 2| 17.8 ie 
17] 9.15 857 7 9.16 312| 2, | 0.83 688 | 9.99 545 3 26-7 2 
13] 9.15 944 | 87 |9.16 401 | 92 | 0.83599 | 9.99 543 41356 35-2 
19 | 9.16 030 oe 9.16 489 88 0.83 511 | 9-99 541 2 ee 128 
20] 9.16116] 5 [9.16577 | gg | 0-83 423 | 9:99 539 : oo Sees, 
21 | 9.16 203 Be 9.16 665 88 0.83 335 | 9-99 537 8) 71.2 70.4 
22/ 9.16 289 9 16753 | gg | 0-83 247 | 9-99 535 9|80.1 79.2 
23 | 9.16 374 - 9.16 841 | °° | 0,83 159 | 9.99 533 
24 | 9.16 460 : 9.16 928 a 0.83 072 | 9.99 532 
25 | 9.16 545 85 | 9.17 016 0.82 984 | 9.99 530 oe oe 
26 | 9.16 631 86 | 9.17 103 "7 0.82 897 | 9.99 528 87 pore: 
2719.10 716 £ 9.17 190 7 | 0.82810] 9.99 526 1| 8.7 8. s) 
289.16 801 | 85 | 9.17 277 87 | 0.82 723] 9.99 524 2| 17-4 ae 17.0 
29 | 9.16 886 85 9.17 363 of 0.82 637 | 9.99 522 3 ses 25 Ae 
30] 9.16 970 - 9.17 450 oe 0.82 550 | 9.99 520 Q ra es | ee 
31] 9-17 955 iG 9:17 536 | 6 | 082 464] 9-99 518 6522-56 5u.0 
321 9-17 139 e 9.17 622 86 0.82 378 | 9-99 517 7\00.9 60.2 59.5 
33 | 9:17 223 ae 9.17 708 86 0.82 292 | 9.99 515 8|69.6 68.8 65.0 
3419.17 307 | g* 19-17. 794| ge | 0-82 206 | 9:99 513 91783. 77-4 70-5 
35 | 9-17 391 | + | 9.17 880 3 0.82 120} 9.99 511 i 
3649.17.474 | $3 19.17 965 | 69 | 0.82.035 | 9.99 509 
37 1 9-17 553 | gt | 9-18051 |g. | 0.81 949 ] 9.99 507 se opens 
1) 38] 9.17 641 83 | 9.18136 | 25 | 0.81 864] 9.99 505 : 5 
39 | 9.17 724 ae 9.18 221 2 0.81 779 | 9.99 503 ee oe 
40} 9.17 807 a 9.18 306 ps 0.81 694 | 9.99 501 35.2 bat 
4119.17 890 if 9.18 391 . 0.81 609 |} 9.99 499 =! : 
|42| 9.17973] 95 |9-18475 | gt | 0-81 525 | 9.99 497 
43 | 9.18 055 oa g.18 560 . 0.81 440 | 9.99 495 
44| 9.18137 | o. 19-18 644| ¢* | 0.81 356] 9.99 494 
45 | 9.18 220 | 83 [9.18 728 | 54 | 0.81 272 
46 | 9.48 302 | 82 | 9.18 812 0.81 188 
47 | 9.18 383 81 9.18 896 Fe 0.81 104 
48 | 9.18 465 | 82 | 9.18979 ee 0.81 021 
| 49] 9.18 547 Be 9.19 063 a 0.80 937 
|50} 9.18 628 g.19 146 3 0.80 854 Ay. 
MG beagyccerenha lll ADP ae Gd P)eS.ae. Tyee 
a aieree 81 Sioa 83 este 2\16.4 16.2 
yo eat St 9.19 395 83 0,80 608 3| 24.6 24.3 
SSPE SOE hig Shatin nae ale 4|32.8 324 
54] 9.18 952 gr | 219 478 8 0.80 522 5.41.0 40.5 
55 | 9-19 033 Bo | 929 so} ie G0 439 6/492 480 
.19 I a 0.80 57, ’ 
5919.19 113 80 9.19 043 82 357 Fa STA LS z 
5719-19 193 OO Wig 0.80 275 8| 65.6 64. 
5819.19 273 a 9.19 807 Pe 0.80 193 9|73-8 72.9 
5919-19 353 9.19 889 0.80 III 
2+" | 80 |=———| 82 
9 19 433 9.19 971 0.80 029 
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9.25 028 
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0.75 294 
0.75 221 
0.75 147 
0.75 074 
0375 000 
0.74 927 
0.74 854 
0.74 781 
0.74 708 


9.99 333 
9.99 331 
9.99 328 
9.99 326 
9.99 324 
9.99 322 
9.99 319 
9.99 317 
9-99 315 
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0.74 635 


9:99 313 


9-25 437 |. 


9:25 510 
9.25 582 


1 9.25 655 


9:25 727 
D599 
9.25 871 
925,955) 
9.26 O15 


0.74 563 
0.74 490 
0.74 418 


0.74 345 
0.74 273 
0.74 201 
0.74 129 
0.74 057 
0.73 985 


9.99 310 
9.99 308 
9.99 306 
9.99 304 
9.99 301 
9.99 299 
9.99 297 
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9.25 583 
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P2592 7 
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9.26 086 


0.73 914 


9-99 290 


9.26 158 
9.26 229 
9.26 301 


9.26 372 


9.26 443 
9.26 514 
9.26 585 
9.26 655 
9.26 726 


0.73 842 
0.73 77! 
0.73 699 
0.73-628 
0.73 557 
0.73 486 
0:73 415 
9.73 345 
0.73 274 


9.99 288 
9.99 285 
9.99 283 
9.99 281 
9.99 278 
9.99 276 
9.99 274 
9.99 271 
9.99 269 


9.26 797 


9.26 131 
g.26 199 
9.26 267 
9.26 335 
9.26 403 
9.26 470 
9.26 538 
9.26 605 
9.26 672 


9.26 867 
9.26 937 
9.27 008 
9:27 078 
9.27 148 
9.27 218 
9.27 288 
9:27 357 
9:27 427 


0.73 203 


9.99 267 


0.73 133 
0.73 063 
0.72 992 
0.72 922 
0.72 852 
0.72 782 
0.72 712 
0.72 643 
OZ SES 


9.99 264 
9.99 262 
9.99 260 
9:99 257 
9-99 255 
9-99 252 
9.99 250 
9.99 248 
9-99 245 


9.26 739 


9.27 496 


0.72 504. 


9.99 243 


9.26 806 
9.26 873 
9.26 940 
9.27 007 
9.27 973 
g.27 140 
9.27 206 
9.27 273 
9.27 339 


9.27 566 
9.27 035 
9.27 704 
9-27 773 
9.27 842 
9.27 QII 
9.27 980 
9.28 049 
9.28 117 


0.72 434 
0.72 365 
0.72 296 
0.72 227 
0.72 158 
0.72 089 
0.72 020 
0.71 951 
0.71 883 


9.99 241 
9.99 238 
9.99 236 
9.99 233 
9-99 231 
9:99 229 
9.99 226 
9.99 224 
9.99 221 


9.27 405 


9.28 186 


0.71 814 


9:99;219 


9-27 471 
9.27 537 
9.27 602 
9.27 668 
9.27 734 
9.27 799 
9.27 864 
9.27 930 
9-27 995 
9.28 060 


L. Cos. 


9.28 254 
9.28 323 
9.28 391 
9.28.459 
9.28 527 
9.28 595 
9.28 662 
9.28 730 
9.28 798 


9.28 865 


L. Cot. 


cd 


0.71 746 
0.71 677 
0.71 609 
0.71 541 
0.71 473 
0.71 405 
0.71 338 
0.71 270 
0.71 202 
0.71 135 


L. Tan. 


9.99 217 
9.99 214 
9.99 212 
9.99 209 
9.99 207 
9.99 204 
9.99 202 
9.99 200 
9 99 197 
9-99 195 
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L. Sin. d. Le Tan. Cc. d.| L. Cot. | L. Cos. d. P.P / 
9.28 060 65 9.28 865 | 6g |_0-71 135 | 9-99 195 3 60 
9.28 125 65 9.28 933 67 0.71 067 | 9.99 192 ed a 
9.28 190 9.29 000 0.71 000 | 9.99 1 8 68 67 - 66 
8 64 67 go 3 5 

9-25 254 6s 9.29 067 67 0.70 933 | 9.99 187 ep habah [2 Osea. 70,6 
9.28 319 65 9.29 134 67 0.70 866 | 9.99 185 56] 2] 13.6 13.4 13.2 
9.28 384 64 9.29 201 67 0.70 799 | 9.99 182 55 | 3] 20-4 20.1 19.8 
9.28 448 ik 9.29 268 a 0.70 732 | 9.99 180 4 541 4] 27.2 26.8 26.4 
9.28 512 65 | 9-29 335 67.4 07° 665 | 9-99 177 53] 2 | 342 33-5 33-0 
9.28 577 | 64 | 9-29 402 | 66 | 0-70.598 | 9.99 175 2 [52] &| 40.8 40.2 39.6 
9.28 641 | 61 | 9.29 468 6y |0:79 532 | 9-99 172 3 51] 7 | 47-6 46.9 46.2 
38 sor| -* Se eT = 8 | 54.4 53-6 52.8 
9:28 7O5L) 6, | 9:29.5355) 66, [0:70 465 9:99 70 |", 150 alle pee 
9.28 769 64 9:29 601 | ¢, | 0.70 399 | 9.99 167 49 9 Seeeer 
9.28 833 63 9.29 668 0.70 332 } 9.99 165 sd 48 
9.28 896 Ay 9-29 734 | 6 | 0-70 266 | 9.99 162 | 3 47 65 64 63 
9.28 960 64 | 9:29 800 | 66 | 0-70 200 | 9.99 160! | 46 }-.1] 6.65 76.4 6.3 
9:20 024 |G, | 9:29 866 | 66 | 0-70 134 | 9.99 157 3] 45] 2] 13.0 12.8 12.6 
9.29 087 eS 9:29.932 | 6. 0:70 068 | 9.99 155 2 | 44] 3] 19.5 19.2 18.9 
9:29 150 | 6, | 9.29998 | G6 | 0-70.02 | 9.99 152 ot | Aen (ca Ole Vark on et 
9.29 214 | 63 9.30 064. 66 0.69 936 | 9-99 150 2 142] 5 | 32:5 32-0 31-5 

9-29 277 | §3 | 9.30130 | §, | 0.69 870 | 9.99 147 Sar!) ©.) 39-2,.38-4/37-8 
9.29 340 | 6, | 9.30195 | ¢¢ | 0.69 805 | 9.99145 |, 140 Bligep ae Re 
9.29 403 9.30 261 0.69 739 | 9.99 142 39 ; 6 56. 
9.29 466 eS 9.30 326 2 0.69 674 | 9.99140 | 7 | 38 91 585 57-0 56-7 
OBE Ga esa oe. tt 66 0.69 609 | 9.99 137 31371 ) 

eral 62 61 60 
9-29 591 | 63 | 9-39457 | Ge 0.69 543 | 9-99 135 36 
9.29 654 | 65 | 930522 | 62 | 0.69478 | 9.99 132 3 35] 1| 6.2 61 6.0 
9.29 716 | ¢° | 9.30587 | 62 | 0.69 413 | 9.99 130 34 | 2 | 12-4 12.2 12.0 
. 3 6 65 6 3 3 | 3] 18.6 18.3 18.0 
9-29 779 | 6> | 9-30 652 | 6. | 0-69 348 | 9-99 127 33 rae 
9.29 841 | 6, | 9-30717 eo 0.69 283 | 9.99124 | 3 | 32] 4| 24° 24-4 24.0 
9.29 903 | 63 9.30 782 a 0.69 218 | 9.99 122 2 31 3 318 eee ane 

"9.29966 | ¢3 | 930846 | gs | 0.69154 [9.99119 | > |B0] 7| 354 42.7 420 
9.30028 | 6, | 9-30911 64 0.69 089 | 9.99117 | , | 29] 8| 49.6 48.8 48.0 

| 9-30. 090 | 6 | 9-30975 | 6 | 9-69 025 | 9.99 114 > 1 28] 9155.8 54.9 54.0 
9-30.15 | 6, | 9:31 040 a 0.68 960 | 9.99 I12 27 
9.30 213 | 6, | 9-31 104 ee 0.68 896 | 9.99 109 3 | 26 59 3 
9.30 275 | 61 | 9-3! 168 be 0.68 832 | 9.99 106 2 25 
9-30 336 | 6, | 9:3! 233 | 6, | 0-68 767 | 9-99 104 aa Ea en ie hee 
9.30 398 | Gy | 9-3! 297 64 0.68 703 | 9.99 IOI 23 3 17.7 0.9 
9.30459 | 62 | 9-31 361 | 64 0.68 639 | 9.99099 | | | 22 4 | 23.6 1.2 
9-30 521 | 6; | 9-31 425 Gi 0.68 575 | 9-99 096 3 21 5 29.5 1.6 

9.30 582 | 6; [9:31 489 | 6, [0-68 511 | 999093 | > [20] 6) 35.4 1.8 
9.30 643 | 6, | 9-31 552 64 0.68 448 | 9.09091 | , | 19 Fi NA Wasi <2eik 
9-30 704 | 6; | 9-31 616 | 6. | 0.68 384 | 9.99 088 | 5 | 18 8 | 47.2 2.4 
9.30 765 61 | 9°32 679 eo 0.68 321 | 9.99 086 3 17 ORS 3-Deee 
9.30 826 | 6, | 9-31 743 | 6, | 0:68 257 | 9-99 083 | , | 16 
9.30 887 | 6 | 9:3! 806 és 0.68 194 | 9.99 080 3 15 
9.30947 | 6, | 9:31 870 63 0.68 130 | 9.99078 |. © | 14 Se SEs, 8 
9-31 008 | 6 | 9-31 933 | 6, 0.68 067 | 9.99 075 j 13 67 66 65 
9.31 068 | 6, | 9-31.996 | 65 0.68 004 | 9.99072 | 5 | 12] o 
9-31 129 | 6 | 9-32.59 | 6 | 0-67 941 1.9.99070 | , | IT] 1 11.2 11.0 10.8 
9-31 189 | 6, | 9-32 122 | 6, | 0.67 878 | 9.99 067 > 110] 2| 333 33:0 375 

: 3 = 3 » | 55:3 55:0 54-2 
9.31 250 | 66 | 9:32 185 | 6 0.67 815 | 9.99064 | 5 9] 3 
9-31 310 | 6, | 9-32 248 6h 0.67 752 | 9.99 062 8 ; 

SOS SION an pose Sit BS 0.67 689 | 9.99 959 | : 7 13.89 8 
9-31 430 | 6 | 9:32.373 | 63 | 0-67 627 | 9.99056 | 5 | 6 64 63 62 
9:31 490 | gq | 932.430 | 62 | 0754 | 9.99954 | 3 | 5S} ©) yor 105 10 
9.31 549 | a 9.32 498 63 0.67 502 | 9.99 O51 3 4a}qa ee Dae re 
9-31 609 | €2 | 9.32 561 | @3 | 0.67439 | 9.99048 | 3 | 3] 2| 355 328 Sry 
9.31 669 9.32 623 | 6, | 0-67 377 | 9-99 046 OM Pan 
9.31 728 72 9.32 685 ne 0.67 315 | 9 99 043 : I 
9.31 788 9-32 747 | 0.67 253 | 9.99 040 o| 
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| 9.33 362 


9.33 420 
9.33 477 
9.33 534 
9-33 591 


‘| 9.33 647 


9-33 704 
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7 979 
8 107 
9} 135 
10 } 26163 
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O | .25882 | .26795 | 3.7321 
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N. Cos| 


798 96593160 
20| .7277| 535459 
857] .7234 578 | 58 
883) 7191] 570] 57 
920} .7148| 562] 56 
26951 | 3.7105 | 99555] 55 
.26982| .7062 5471 54 
-27013} .7019 540] 53 
044} -6976| 532] 52 
076) .6933| 524451 
-27107 | 3.6891 | .99517|50 
138| .6848 509} 49 


-6806 


.27004 | . 


N.Cos. 


41 032 077| .5616 2977} 19 
42 060 109} .5576 269} 18 
43 088 140| .5536 261] 17 
44] 116] 172) .5497| 2531 16 
45 |-27144 | .28203 | 3.5457 | 96246] 15 
46] 172] 234] -541 238} 14 
47 200 266) .5379 230] 13 
48 228 297| .5339 2224 12 
49 |. 256] 329} -5300) 214} 11 
50) .27284 | .28360 | 3.5261 | .96206] 10 
51 312 391| .5222 198} 9 
52] 340] 423) -5183| 190} 8 
53 | 368) 454] -5144| 182] 7 
54] 396] 486) .5105| 174} 6 
55 |-27424 | 28517 | 3.5067 | 96106] 5 
50] 452] 549]: 5028) £58] 4 
57 480 580} .4989 150] 3 
58 508 612] .4951 142] 2 
59 | 536) 643) .4912| 134] 1 


6O] .27564 | -28675 | 3.4874 
N. Cot.|N. Tan. 
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| 28675 | 3.4874 | - 


700 | .4836 
738| -4798 
709| -4760 
Sor | .4722 


| 28832 3.4084 | . 


864| .4646 
895 | .4608 
927| -457° 
958 |_-4533 


.28990 | 3-4495 | - 


29021 | .4458 
053| -4420 
084} .4383 
116] .4346 


29147 | 3.4308 | . 


179| .4271 
210| .4234 
242) .4197 
274.| .4160 


29305 | 3.4124. | . 


.4087 
.4050 
4014 
3977 


-3904 
3868 
3832 
+3796 


3-394! | - 


3:3759 | 


3723 
3687 
3652 
-3616 


+3544 
+3509 
3473 
3438 


3580 | . 


3402 |. 


+3367 
3332 
3297 
.3261 


3191 
3156 
3122 
.3087 


3.3226 | . 


3.3052 | . 


.3017 
2983 
2948 
2914 


2845 
2811 


2777 
2743 


3.2879 |. 
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.2075 
293 637| .2641 
321 669| .2607 
348} 700} .2573| | 
29376 | .30732 | 3-2539 | - 
404 764| .2506 
432} 796) .2472 
460 828| .2438 
487 860] .2405 
29515 | .30891 | 3.2371 
543| 923| 2338 
572 955 -2305 
599 | 30987] .2272 
626} .31019| .2238 
29654 | .31051 | 3.2205 | .9 
682 083| .2172 
710 115] .2139 
737 147| .2106 
765 178| .2073 
29793 | -31210 | 3.2041 |. 
821 242| .2008 
849} 274} -1975 
876 306} .1943 
904} . 338] .1910 
.29932 | .31370 | 3.1878 | « 
960 402| .1845 
-29987| 434] .1813 
-30015 466} .1780 
043) 498|_.1748 
30071 | .31530| 3.1716 |. 
098 562| .1684 
126 594| .1652 
154 626 | ..1620 
182 658} .1588 
30209 | .31690 | 3.1556 | . 
237 722) .1524 
265| 754| -1492 
292 786| .1460) 
320 818 | .1429 
30348 | .31850 | 3.1397 | . 
376 882] .1366 
493 914} 1334 
431| 946] .1303 
459 | .31978| .1271 
30486 | .32010 | 3.1240} . 
514 042] .1209 
542 074] .1178 
570 106| .1146 
597 139| .ITI5 
30625 | .32171 | 3.1084 | . 
653 203| .1053 
68c¢ 235| 1022 
708 267} .OQgI 
736 299 | .0g61 
-30763 | .32331 | 3.0930 | « 
791} 363] .0899 
819 396| .c868 
846 428 | .0838 
874) 460} .0807 
30902 | .32492 | 3.0777 | . 
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-32492 | 3.0777 | -95106 


-0746 
.0716 
.0686 


0655 


3.0625 |. 


0595 
.0565 
0535 
.0505 


3.0475 | - 


0445 | « 
0415 | . 


0385 
0356 


3.0326 | . 


-0296 
0267 


.0237 
.0208 


3.0178 | . 


.0149 
.0120 


.0090 
.0061 


3.0032 | . 


2.9974 


-9945 
.9916 


2.9887 |’. 


9858 


.9829 
-9800 


97712 


2.9743 | - 


9714 
.9686 
-9657 
.9629 


2.9600 | . 


881 


913 
33945 
-33978 


34010 


9572. 
19544 
+9515 
-9487 


2.9459 | - 


9431 
.9403 
9375 
9347 


2.9319 | - 


9291 
.9263 
9235 
.9208 


2.9180} . 


.Q152 
9125 
9097 
-9070 
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7 [N. Sin.|N.Tan.|N. Got. 
O | .32557 | 34433 | 2.9042 | .94552 
I 584 465] .9o15 542 
2 612 498 | .8987 533 
Bil 630 530] .8960 523 
| 4] 667) 563} .8933] 514 
5 | -32694 | 34596 | 2.8905 | .94504 
6 722| 628] .8878| 495 
7] 749| 661] .8851| 485 
8]. .777| 693} .8824| 476 
9 |, 804] 726] ,.8797| 466 
10. | 32832 | .34758 | 2.8770 | .94457 
Ir} 859) 791} 8743). 447 
12] 887] 824] .8716 438 
13 914 856| .8689| 428 
14 942 889} .8662} . 418 
15 | 32969 | .34922 | 2.8636 | .94409 
16 |.32997| 954| .8609| 399 
17 | 33024 | .34987| .8582| 390 
18 O51 | .35020| .8556 380 
19 | 979] — 052) _.8529|_, 370 
20] -33106 | .35085 | 2.8502 | .94361 
21 134 118| .8476 351 
22 161 150] .8449 342 
23 189 183] .8423 332 
24 216 216| .8397 322 
25 | -33244 | .35248 | 2.8370 | .94313 
26 271 281 | .8344 303 
27 298 314| .8318 293 
28 326 346| .8291 284 
291. 353] _379| 8265) 274 
3O| -33381 | .35412 | 2.8239 | .94264 
31 408 445| .8213 254 
32]. 436) 477) -8187| 245 
33] 463 510] .8161 235 
34 490 543| -8135 225 
35 | -33518 | -35576 | 2.8109 | .94215 
36 545 608 | .8083} , 206 
37] 573) 641} .8057| 196 
3 600 674} .8032 186 
39 627 707| .8006| . 176}, 
| 40} 3355 | .35740 | 2.7980 | .94167 
41 682} 772) -7955| 157 
42 710|- 805] .7929| . 147 
43 | 737] 838) -7903| 137] 
44] 764} 871} .7878) 127 
45 | 33792 | -35904 | 2.7852 | .94118 
40 819 937| +7827 108 |) 
1147 846 | .35969| .7801 298 
| 48 874 | .36002|] .7776 088 
49] 901} 035 |_-7751|__ 078 
50] .33929 | .36068 | 2.7725 | .94068 
51 956 IOI | .7700 058 
52 |.33983| 134] -7675| 049 
53 | 34011 167| .7650 039 
54] 038} 199| -7625| 029 
55 |-34065 | .36232 | 2.7600 | .94019 
56} 093} 265} .7575 | -94009 
57] 120] 298) .7550/| .93999 
58] 147| 331] -7525| 989 
Suh Seet t 15304) (7500!) 979 
60} -34202 | .36397 | 2.7475 | 93969 
|N.Gos.|N. Cot.|N.Tan.| N. Sin 


70° 


520) .5961 
-38553 | 2-5938 | - 
587 | -5916 
-5893 
5871 
5848 
2.5826 |. 
+5804 
5782 
5759 
5737 
2.5715 | . 
5693 
5671 
-5649 
5627 | 
2.5605 |. 
5583 
5501 
+5539 
5517 
2.5495 | - 
5473 
5452 | 
+5430 
5408 
2.5386 | . 
5365 | 
5343 
-5322 | .9 
5300 | 
2.5279 | .g2 
“5257 | 
5236 
5214 
-5193 
2.5172 | .9: 
5150 
.5129 
.5 108 
5086 
2.5065 | .9: 
+5044 
5023 
5002 
4981 
5 | 2.4960 | . 
4939 
4918 
.4897 
4876 
2.4855 |. 
4834 
4813 
4792 | 
4772 | 
2.4751 
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| ©] .37461 | .40403 | 2.4751 | .927181g60 
| ay 488] 436] .4730|, 707459 
2} 515| 470| .4709| 697] 58 
3 542| 504) -4689| 686) 57 
4} 569] 538] .4668| 675) 56 

| 5 |-37595 | -40572 | 2.4648 | .92664 | 55 
6 622 606] .4627 653] 54 
7| 649} 640] .4606| 642] 53 
8 676 674| .4586| 631} 52 
“ll 9 703 707| .4566 620] 51 
10 | 37730 | 49741 | 2.4545 | 92609 |50 


775| -4525| 598) 49 
12 784 809| .4504 587] 48 
13] 811} 843) .4484| 576] 47 
4 838|  877| .4464| 565] 46 
15 | 37865 | 40911 | 2.4443 | 92554] 45 
Fito} 892) 945) 4423} 543) 44 
qi 22 919 | .40979| .4403 532] 43 
18 946 | .41013 4383 521] 42 
119 973| 947] .4362 510} 41 
|| 20} .37999 | 41081 | 2.4342 | .92499|40 
}| 21 | 38026 115| .4322| 488] 39 
22] 053} 149] -4302| 477]38 
|| 23 080 | 183| .4282 466] 37 
4) 24 107 217| .4262 455| 36 | 
25 1.38134 | 41251 | 2.4242 | .92444 | 35 

' 285 | .4222 432) 34 
|| 27 188 319| .4202 421 | 33 
|| 28 215| © 353| -4182 410] 32 
|| 29 241 387| .4162| 399} 31 
30| .38268 | .41421 | 2.4142 | .92388|30 
3! 295 455| -4122 Sy lt! | VER 
32 322 490| .4102 366 | 23 
524| -4083| 355] 27 
134] 376] 558| -4063) 343] 26 
35 | 38403 | -41592 | 2.4043 | .92332] 25 
36 430 626} .4023 321 | 24 
37 456 660} .4004| 310] 23 
38] 483| 694] -3984| 299] 22 
39 510 728 3964 287] 21 
40] .38537 | -41763 | 2.3945 | 92276] 20} 
41 564| 797| -3925| 265) 19 
42 591 831 | .3906 254) 18 
43 617| 865] .3886 243417 
44 644 899| .3867 231] 16— 
45 |.38671 | .41933 | 2.3847 | 92220] 15 
46 698 | .41968| .3828 209} 14 
47 725 | .42002| ,3808 198] 13 
48 752 036) .3789 186] 12 
BO p778 |. 070 | 377017 875) 
50] .38805 | .42105 | 2.3750 | .92164 
Sieg eese earl 39 ue37 oF + 55? 
1} 52 859 173| .3712 141 
B3i 886 207 | .3693 130]. 
54 gi2 242) .3673 119 
55 | -38939 | -42276 | 2.3654 | .92107 
56 966 310] .363 096 
57 |-38993| 345| -3616| 085 
58 |-39020| 379} -3597| 073 
59] . 046 413| .3578 062 
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| -39073 | - 2.3559 | : 
100 482) .3539 
127 516| .3520 
153 551} .3501 

180| 585] .3483|- 

39207 | .42619 | 2.3464 | . 
234| 654) 3445 
260 688] .3426 
287 722| .3407 
757 |_-3388 

42791 | 2.3369 |. 
367 826} .3351 
394| 860] .3332 
421| 894] .3313 
929| .3294 

42963 | 2.3276}. 
501 | .42998| .3257 
528 | .43032| .3238 
555 067 | .3220 
101 | .3201 

43136 | 2.3183 | -9) 

170| .3164 
205} .3146 
688 239| .3127 
274] -3109 

43308 | 2.3090 | . 
768|  343| -3072 
795| 378) -3053 
822 412| .3035 
848 | - 447 |_-3017 

39875 | -4348! | 2.2998 | . 
go2 516| .2980 
928 550] .2962 
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9982 620] .2925 

.40008 | .43654 | 2.2907 | . 
035 689 | .2889 

062 724) .2871 |" 
088 758| .2853 
115| _793|_ +2835 

AOI4I | .43828 | 2.2817 | » 
168| 862] .2799 
195 897| .2781 
221 932| .2763 
248 | .43966| .2745 

40275 | .44001 | 2.2727). 
301 036] .2709 
328 o71| .2691 
355 105| .2673 
381 140| .2655 

40408 | .44175 | 2.2637 | - 
434 210 |. .2620 
461 244| .2602 
488 279| .2584 
514 314| .2566 
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507) 384] .2531 
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621 453| +2496 
647 488 | ..2478 

44523 | 2.2460 |. 
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753 627] .2408 
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045 | -45012| .2216 
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125.) - 117) 2165 
I5r} E52} .2148 
178|- 187] .2130 
20 741204 | .45222 2.2113 | « 


257 | .2096 
292| .2079 
327| .2062 
362 | +2045 
-45397 | 2.2028 | . 
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45995] -1742 
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065} .1708 
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/55]}  209/ 560} .1478 
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950| .1299 
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552| -47021| .1267 

056| .1251 

092} .1235 

128] .219 
42657 -47163 | 2.1203 -90446 
683} 199) 1187] 433 
709 234| .II7I 421 
736! 270] .1155| 408 
762| _305|_-1139| 396 


377 | -1107 | 
412] .1092 
448! .1076 
483] .1060 
-42920 | .47519 | 2.1044 | . 
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.48773 | 2.0503 Th 
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845 | .0473 451 |..51026 
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-44098 | .49134 | 2. 89 : 151319 
124 170] . 356 
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281 387]. 577 
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49495 | 2. : : -5 1688 
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-50040 | I. : : 52242 
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506] 469] .8028; 448] 59 
532 507| .8016| 434] 58 
557| 545| -8003| 420157 

3| 583] -7991| 406] 56 
.48608 | .55621 | 1.7979 | .87391} 55 
634} 659| -7906| 377] 54 | 
659| 697} -7954| 363) 53 
684] 736) .7942| 349] 52 
710 774 |_-7939 335] 5! 
10 | 48735 | 55812 | 1.7917 | 87321/50 
Iie. 761 850| .7905 3061 49 
12 786 888] .7893 292] 48 
13 SII 926| .7881 2781 47 
14 837} -55964| .7868| 264] 46 
15, | .48862 | .56003 | 1.7856 | .87250] 45 
16 888 O41} .7844}- 235144 
E7013 079| .7832| 221] 43 
18 938 117| .7820 207 | 42 
19 964 156} .7808 193] 41 
20] .4898o | -56194 | 1.7796 | .87178}40 
21 |.4g014| 232} .7783| 164) 39 
22 040 270!| .7771 150] 38 
2 065/ 309| -7759| 136] 37 
24] 090} 347| -7747| 121} 36 
25 |-49116 | 563854 1.7735 | 87107 | 35 
1-26} 14t| 424] -7723| 093134 
27 166 462 | .7711 ©79| 33 
28 192 501] .7699 064} 32 
29 217 539|_-7687| O50} 31 
BO} .49242 | 56577 | 1.7675 | .87036|30 
31 268 616} .7663 O21} 29 
32 293 654| .7651 | 87007} 28 
33 | 318} 693) -7639 | 86993] 27 
34] 344] (731| .7627| 978) 26 
35 | -49369 sl 1.7615 | 86964) 25 | 
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O | .51504 | .60086 | 1.6643 | .85717 
529 126| .6632 702} 59 
554 165| .6621 687] 58 
579 205 | .6610 672457 
60. 2 6 6 6 
teas Hee 16288 Been te 
653] 324] .6577) 627) 54 | 
678 364) .6566 612] 53 
793 403] -6555 597] 52 
728| 443) -6545| 582) 51 
10 | 51753 | 60483 | 1.6534 | 85567150 
ir{ 778] 522] .6523) 5511.49 


577353) 2:732% |! 
Z14 | 6 7.309) 
813| .7297 
851 | .7286 
890| .7274 

57929 | 1.7262]. 

579608] .7251]— 

58007 | .7239 
046| .7228 
085) .7216 

-58124 | 1.7205 | . 
162| .7193 
201 | .7182 
240) .7170 
279| -7159 

58318 | 1.7147]. 
357| +7136 
396) .7124 ; 
435 | +7113 
474| .7102 

58513 | 1.7090 | .86. 20] .52002 | .60881 | 1.6426 | .85416/40 
552] +7979 21 026 g21| .6415 401 | 39 
591 | .7067 22 051 | .60960| .6404 385} 38 
631 | «7056 - [23 | 076] 61000) .6393) 37} 37 
670} .7045 5 24 Ol 040| .6383 355] 30 

.58709 | 1.7033]. 25.|.52126 | .61080 | 1.6372 | .85340] 35 
748 | .7022 26 151 120 | ‘.6361 325] 34 
787 |. -7OLl 27 Niel 7S 160] .6351| =< 310] 33 
826] .6999 28 200 200} .6340] - 294] 32 
865 | .6988 29 225 240| .6329 279] 31 

.58905 | 1.6977 | . 30| 52250 | .61280 | 1.6310 | .85264]30 
944| .6965 31 275 320| .6308 249 | 29 

.58983| .6954 32 299 360 | .6297 234] 28 

.59022| .6943 33 324 400| .6287 218] 27 
o61 | .6932 a i 34 349 440| .6276 203 | 26 

.59101 | 1.6920) . ; 35 | -52374 | 61480 | 1.6265 85188] 25 

-6909 36 | 399} 520} -6255| 173] 24 

.6898 37 423 561} .6244 157] 23 

6887 - 1138) 448 601 | .6234 142] 22 

6875 39 473 641 | .6223 127] 21 

1.6864]. 5 40] 52498 | .61681 | 1.6212) .85112(20 

6853 | - 41 522 721 | .6202 096] 19 

-6842 |. 42 547 761 | .6191 081] 18 

.6831 43 572 801} .6181 066] 17 

.6820 44 597 842] .6170 Osi} 16 

.6808 | . 45 | .52021 | .61882 | 1.6160 | 85035] 15 

.6797 40 646 g22| .6149 020] 14 

.6786 47 671 | .61962| .6139 | 85005 | 13 

-6775 48 696 | .62003| .6128 | .84989]| 12 

.6764 - 1149 720 043| -6118 974) 11 

-6753 | + 150| 52745 | 62083 | 1-6107 | 84959} 10 

.6742 51 770| 124| .6097| 943] 9 
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64941 


\N. Cot.,N. Cos, 


.64982 
.65024 
065 
106 
65148 
189 
231 
272 
314 


1.5399 | 83867 


5379! 835 
5369 = 819 


1.5350 .83788 
+5349; 772 
5339, 756 
-5320; . 740 
5311 | 724 


-65355 


1.5301 | .83708 


397 
438 
480 
521 
-65563 


-+5291| 692 
5282! 676 
5272 660 
-5262 645 
1.5253 | .83629 


604 
646 
688 
729 


5243; 613 
5233/ 597 
-5224; 581 


5214565]; 


-65771 


1.5204 | .83549 


813 
854 
896 
938 
-65980 
.66021 
063 
105 
147 


“S595 aesas 
“5185, 517 
-5175,| 501 
5166) 485 
1.5156 | .83469 
S147) 453 
5137} 437 
5127; 421 
+5118} 405 


-66189 


230 
272 
314 
356 

-66398 
440 
482 


524 
566 


1.5108 | .83389 
-5099 373 
5089} 356 
5080 340 
.5070 324 

1.5061 | .83308 
5051 292 
-5042 276 
-5032 240 
5023 244 


-66608 


1.5013 | .83228 


650 
692 
734 


SY AAS. 
66818 


860 
902 


944 
.66986 


5004 212 
4994 195 
4985, 179 
4975) 163 
1.4966 | 83147 
4957 131 
-4947 115 
4938) 098 
-4928 082 


.67028 


O71 
113 
155 

. 197 

.67239 
282 
324 
366 
409 


1.4919 | .83066 
-4910 5 
-4900 
4891 
4882 | . 
1.4872]. 
4863 
4854 | 
4844 
4835, 


5389 851]. 


5359, 804): 


67451 


1.4826 |. 


N. Cot, 


N.Tan. 


10 nH rw BU DANA WHO 


N. Cos.| 


N. Cot. N.Tan. 


55° 


*]O = nw uo aN WO 


OonN ANA WHNK DO 


4273 | 
4.264 | 
42555 | 
-4246 | 
4237 |< 
-4229 | 
4.220 | - 
4211 | 
4202 | 


-4193 | . 


+4185 | 
-4170 | 
-4167 | 
4158 | 
-4150). 
-4141 | 


“10 Apnw Ua wo 


144 
189 
234 
278 
1.3023 
368 


413 
1 5Yi/ 
502 


Biden oh 


592 
637 
681 
726 
73771 
816 
861 
906 
951 


:73996 


-74041 
086 
131 
176 

-74221 


312 


“10 = rw Fu an mo 


~ 


© CONT Df WHR O 


37 


N. Cot.|N. Cos 


N. Sin.|N. Tan, 

-60182 | .75355 | 1.3270 | -79864 
205 401 | .3262 846 
228| 447| .3254| 829 
251 492| .3246 8i1 
274| 538] 3238] 793 

-60298 | .75584 | 1.3230 | .79776 
321 629| .3222 758 
344] 675} .3214] 741 
367 721| .3206 723 
390] 767|_ .3198] 706 

60414 | .75812 | 1.3190 | .79688 

437 858| .3182 671 
460} 904] .3175]| 653 
483| 950] .3167] 635 
506] .75996| .3159 618 

60529 | .76042 | 1.3151 | 79600 
553| 088) .3143} 583 
576| 134 .3135| 565 
599 180 | .3127 547 
622 226| .3119 530 

60645 | .76272 | 1.3111 | .79512 
668 318] .3103 494 
691| 364} .3095] 477 
714} 410] .3087| 459 
738| 456} .3079| 441 

60761 | .76502 | 1.3072 | .79424 
784; 548} .3064] 406 
807 594] .3056 388 
830 640} .3048 371 
853| 686| .3040] 353 

60876 | .76733 | 1-3032 | -79335 
899] 779] 3024] 318 
%922 $25 | .3017 300 
945 871 | .3009 282 
968 g18| .3001 264 

60991 | .76964 | 1.2993 | .79247 

61015 | .77010| .2985 229 
038 057| .2977 211 
O61 103] .2970 193 
084 149} .2962 176 

61107 | .77196 1.2954 | .79158 
130 242| .2946 140 
153 289| .2938 122 
176} 335 -2931| 105 
199| 382] .2923] 087 

61222 | .77428 | 1.2915 | .79069 
245| 475| 2907] 051 
268 521} .2900 033 
291 568} .2892 | .79016 
314 615) .2884 | .78998 

61337 | .77661 | 1.2876 | .78980 
360 708 | .2869 962 
383| 754| .2861| 944 
406 801} .2853 926 
429 848| .2846 908 

61451 | .77895 | 1.2838 | .78891 
474] 941) .2830] 873 
497|.77988 | .2822| 855 
520} .78035| .2815 $37 
543 082| .2807 819 

1.2799}. | 


38° 


|N. Sin. 


.78129 | 1.2799 | .78801 


© | .61566 
1 589 
2 612 
3] 635 
4} 658 
5 61681 
6) 704 
7h 726 
8} 749 
9 772 
10 | 61795 
11} 818 
12 841 
3 864 
14 887 
15 } 61909 
16} 932 
17 955 
18 | .61978 


N.Tan.|N. Cot.|N. Cos. 


175 | .2792| 783 
222) .2784 765 
269| .2776| 747 
316] .2769 729 
-78363 | 1.2761 | .78711 
410| .2753| 694 
457| .2746| 676 
504] .2738 658 
551] .2731 640 
78598 | 1.2723 | .78622 
645] .2715 604 
692| .2708 586 
739 | -2700 568 
786 | .2693 550 
78834 | 1.2685 | .78532 
881} .2677 514 
g28| .2670 496 


3 | .78975| .2662| 478 


.79022|] .2655 460 


.79070 | 1.2047 | .78442 
117| .2640 424 
164| .2632 405 
212| .2624 387 
259] .2617 369 

.79306 | 1.2609 | .78351 
354| -2602) 333 
401 | «2594 315 
449| .2587| 297 
496| .2579| 279 


79544 | 1.2572 | .78261 


19 } 62001 
20) .62024 
21 046 
22 069 
23 092 
24) 118 
25 | 62133 
26 160 
27 183 
28} 206 
29 229 
30} .62251 
31 274 
32 207 
33 | . 320 
34 342 
35, | 62305 
36] 388 
37 | 41! 
38 | 433 
39 |__456 


591| 2564] 243 
039] -2557 225 
686} .2549| 206 
734) +2542 188 
79781 | 1.2534 | .78170 
829| .2527 152 
877| -2519| 134 
924) .2512 116 
79972 | -2504| 098 


40} .62479 


80020 | 1.2497 | .78079 


41 pee 
42 524 
)43} 547 
| 44 S72 
45 | 62592 
| 46 615, 


_ 067} .2489 oo! 
115| .2482 043 
163| .2475 025 
211 | .2467 | -78007 

.80258 | 1.2460 | .77988 
306| .2452| 970 
354| -2445| 952 
402| .2437 934 
450| -2430 g16 


80498 | 1.2423 | .77897 


\47} 638 
148 660 
|49 |__ 683 | 
1/50] .62700 | 
{51} 723) 
52 751 
53] 774 
54) 796) 
55 | 02819 
56 842 
574 864 
58 887 
59 909 
60} .62932 


| ._[N.Cos.|/N. Cot.|N. Tan. 


546| .2415| 879 
594| .2408 861 
642] .2401 843 
690| .2393| 3824 
80738 | 1.2386 | .77806 
786| .2378 788 
834| .2371| 769 
882| .2364 751 
930} .2356) 733. 
.80978 | 1.2349 | - 


“10 - vw Fuqan 


ot 


Q2 i 40° 


Cot.|N.Cos, 


’ TN. Sin.|N.Tan.|N, 

O | .64279 | .83910 | 1.1918 | .76604160 
I 301 | .83900} .1910 530] 59 
2 323 | 84009 | .1903 5671 58 
3] 346/° 059| .1896|; 548] 57 
4 368 108] .1889; 530] 56 
5 | -64390 | 84158 | 1.1882] .76511] 55 
6 412 208 | .1875 4921 54 
7] 435} 258) -1868) 473153 
8 457 307 | .1861 455} 52 
9] 479] 357-1854) 430} 51 
10 | 64501 | 84407 | 1.1847 | .76417|50 
II 524. 457| .1840 393} 49 
12 540 507] .1833 380] 48 
13 568 556] .1826 361} 47 
14 590 606} .1819 342] 46 
15 |-64612 | .84656 | 1.1812 | .76323] 45 
16 635 ‘706 | .1806 304] 44 
17] 657| 756] .1799| 286} 43 
18 679| 806] .1792 267 | 42 
19 701 856] .1785 248] 41 

| 20} .64723 | 84906 | 1.1778 | .76229|40 
21 746 | .84956| .1771 210] 39 
22 768 | .85006| .1764 192] 38 
23 790 O57 | LTS, 173} 37 
24 812 107| .1750 154] 36 
25 | 64834 | 85157 | 1.1743 | -76135] 35 
26 856 207 |. .1736 110] 34 

}27 | 878) 257] .1729| 097] 33 

| 28 gal 308 | .1722 078] 32 

| 29 923 358] .1715 050] 31 
30] .64945 | .85408 | 1.1708 | .76041]/30 
31 967 458| .1702 022] 2 
32 | .64989 509 | .1695 | .76003] 28 
33 | 65011 559} -1688 | .75984] 27 
34 033 609] .1681 965 | 26 
35 | 65055 | .85660 | 1.1674 | .75046] 25 
36 077 710} .1667 927] 24 
37 100 761| .1660 908 

38 122 811| .1653 

39 144 862] .1647 

40] .65166 | 85912 | 1.1640 | .75851 

41 183 | .85963| .1633 

42 210 | .86014| .1626 813 

43 232|; 064] .1619} 794 
44 254 11§|  .1612 775 

45 | -65276 | 86166 | 1.1606 | .75756 

46 298 216) .1599 738 

47 | 320) 267] .1592| 719 

48 342] 318] .1585 

49 | 364) 368] .1578 

50} -65386 | .86419 | 1.1571 

517 408} 470] 1565 

52 430 521] .1558 623 

53 452 572| .1551 604 

54] 474) 623] .1544| 585 

55 | -65496 | 86674 | 1.1538 | .75566 

50} 518) 725] .1531| "547 

57] 540) 776] .1524) 528 

58 562} 827] .1517] 509 

59 -1510 490 

1504 |. 


41° 


| ’ IN. Sin.j|N.Tan: 
65606 | .86929 


N. Cot.,N. Cos. 


Oo 1.1504 | .75471 60! 
I 628 | .86980} .1497| 452159 
2 650 | .87031| .1490 433] 58 
3 672 082 | .1483/ 414} 57 
4] 694] 133} -1477, 395456 
5 |-65716 | .87184 | 1.1470! .75375] 55 
6] 738] 236) .1463, 350] 54 
7] 759} 287] 1456, 337153 
8] 781 338 | «1450 318] 52 
9] 803] 389} .1443) 209] 51 
10 | .65825 | .87441 | 1.1436 | .75280150 
Il 847| 492] .1430| -261] 49 
12 869 543| -1423 241} 48 
13 891 595| .1416 222] 47 | 
14 913 646} .1410 203] 46 
15 | -65935 | 87698 | 1.1403 | .75184] 45 
16] 950) 749} .1396; 165} 44 | 
17 |.65978 801} .1389 146] 43 
18 | .66000 852| .1383 126] 42 | 
19 022 904] .1376 107/41 | 
20] 66044 | -87955 | 1.1369 | .75088]40 | 
21 066 | .88007 | .1363 069] 39 |} 
22 088 059| .1356 050} 38 
23 109 110} .1349 030] 37 
24 131 162] .1343| .75011] 36 
25 | 66153 | 88214 | 1.1336 | .74992] 35 
26] 175} 265) -.1329| 973) 34 
27 197 317 | 1323 953] 33 
28 218 369] .1316 934] 32 
29 240 421} .1310 915} 31 
30} .66262 | .88473 | 1.1303 | .74896/30 
31 284 524] .1296 876] 29 
32 306 576| .1290 857] 28 
33 327 |_ 628) \.4283 838] 27 
34. 349 680| .1276 818] 26 
35 | 66371 | 88732 | 1.1270 | 74799] 25 
36] 393) 784] .1263) 780] 24 
37] 414] 836) .1257| 760} 23 
38 436 888 | .1250 741} 22 
39 458 940} .1243 722] 21 
40 | .66480 | .88992 | 1.1237 | .74703]20 
41 501 | .89045| .1230 683] 19 
42 523| 097| .1224| 664418 
43] 545) 149] .1217|; 644417 
44 566 201 | .1211 625} 16 
45 |-66588 | .89253 | 1.1204 | .74606 15 
46'} 610 306] .1197 586] 14 
47 632 358) .1191 567) 13 
48 653 410] .1184 548] 12 
49 675 463] .1178 528] 11 
50] .66697 | 89515 | 1.1171 | 74509] 10 
51 718 567| .1165 489] 9 
52 740 620 T158} 470] 8 
53 762 672| .1152 451} 7 
54 783 725) .1145 431} 6 
55 | 66805 | .89777 | 1.1139 | .74412 5 
56 827 830] .1132 392} 4 
57 848 883) .1126 3731 3 
58} 870} 935] -1119| 353] 2 
59 891 | .89988| .1113) 334] 1 
GO| .66913 | .g0040 | 1.1106 | 74314] © 
IN. Cos.|N. Cot.|N. Tan. N. Sind ? 


———————————————————— :: 


4&3’ 


1.1106 | .74314 
,I100 
1093 
1087 
.1080 
+1074 | -74 
-1067 |“, 
‘1061 
1054 
-1048 


COON ANA WHAO]- 


.104I 
+1035 
-1028 
.1022 


IOI6| 
1009 | . 
-1003 | .7 
.0996 |. 
\0 : .0990 

% .0983 


:0977 | + 


.097I 
.0964 
0958 
0951 
0945 | -7. 
0939 
.09 32 
.0926 
20919 


0913]. 


.0907 
.0900 
.0894 
.0888 
0881 
.0875 
.0869 
.0862 
.0856 

1.0850 |. 
.0843 
0837 
0831 
.0824 

1.0818]. 
.0812 


.0805 


0799 
0793 


.0780 
0774 
.0768 
.0761 
1.0755 |- 
0749 
.0742 

» 0736 
.0730 


1.0786]. 


N. Sin.|N.Tan. 


.68200 


#93252 


221 
‘242 
264 

285 

-68306 


327 | . 


349 


370 
391, 


306 
360 
415 
_ 469 
93524 
S79 
633 
688 
742 


168412 


93797 


434 
476 


852 
go06 
93961 
94016 
94071 
125 
180 


235 
290 


94345 


400 
455 
510 
565 

-94620 
676 


786 
841 


8 | -95007 


“10 Rm rnw RUA 


N.Tan. N. Sin, 


94 


~ 


-69466 | .96569 
487| 625 
508 681 


© oN OQUIsf WH CO 


I 


N. Sin.|N.Tan.N. Cot. 
1.0355 


0349 
0343 


.O176}. 


N.Cos. 
-71934160 


0170 
32 132] 384] .o164 284 
ae) 153 441| .0158 264 
34 174 499| .O152 243 
35 } -70195 | .98556| 1.0147 | .71223 
3 215 613| .o141 203 
37 236 671 | .0135 182 
38 257 728| .o129 162 
39 277 786] .o123 141 
40} .70298 | .98843 | 1.0117 | .71121 
41 319} go1| .o11r| 100 
42 339 | .98958| .o105 080 
43 360 -99016 | .0099 059 
44| 381} 073] .c094| 039 
45 ]-70401 | .99131 | 1.0088 | .71019 
4 422 189} .0082 | .70998 
471 443] 247] .0076/ 978 
4 403|  304| .0070] 957 
49] 484] 362] .0064| 937 
50} .70505 | .99420 | 1.0058 | .7o916 
51 525 478 |. .0052 896 
52} 546] 536] 0047] 875 
53] 567] 594] .cogr| 855 
54] 587] 652) .0035| 834 
55 | -70608 | .99710| 1.0029 | .70813 
56 628 768} .0023 793 
57 649} 826] .oo17| 772 
58 670} 884] .co12 752 
59 |__ 690 | .99942| .0006} 731 


60] .70711 | 1.0000 


N. Cos.|N. Cot.|N. Tan. 


N. Sin] 


“10 = rnw BUDA HOw 


Dy 


IV. CIRCULAR ARCS WITH RADIUS UNITY. 


-9| | 


0 ONI AUS WH 


DEGREES. 


0.00000 00 | 6O° | 1.04719 76 


9.01745 33 
0.03490 66 
0.05235 99 
0.06981 32 
0.08726 65 
0.10471 98 
0.12217 30 
0.13962 63 
0.15707 96 
0.17453 29 
0.19198 62 
0.20943 95 


0.22689 28. 


0.24434 61 
0.26179 94 
0.27925 27 


| 0.29670 60 


-O-31415 93 
0.33161 26 
0.34906 59 
0.36651 Of 
0.38397 24 
0.40142 57 


. | 0.418387. 90 


0.43633 23 


| 0.45378 56 


0.47123 89 
0.48869 22 
0.50614 55 
0.52359 88 
| 0.54105 21 
0.55850 54 
0.57595 87 


| 0.59341 19 


0.61086 52 
0.62831 85 
0.64577 18 
0.66322 51 
0.68067 84 


I | 1.06465 08 


1.08210 41 
1.09955 74 
I,1170I 07 
1.13446 40 
L.I5191 73 
1.16937 06 
1.18682 39 
1,20427.72 


120° 


2.09439 51 
2.11184 84 


/ | 2.12930 17 


2.14675 50 
2.16420 83 
2.18166 16 
2.19911 49 
2.21656 82 
2.23402 14 
22504 LAT 


1.22173 05 


2.26892 80 


MINUTES. 
0.00000 00 


SECONDS. 


oO” 


95 


0.00000 00 


0.00029 09 
0.00058 18 
0.00087 27 
0.00116 36 
0.00145 44 
C.00 1453 
0.00203 62 
0.00232 71 
0.00261 80 
0.00290 89 


© or QUA WHH DO 


1.23918 38 


1.27409 04 
1.29154 36 
1.30899 69 
1.32645 02 
1.34390 35 
1.36135 68 
1.37881 O1 


1.25663 71 |. 


2.28638 13 
2.30383 46 


| 2.32128 79 


2.33874 12 
2.35619 45 
2.37364 78 
2.39110 II 


2.40855 44 
2.42600 77 


0.00319 98 
0.00349 07 
0.00378 15 
0.00407 24 
0.00436 33 
0.00465 42 
0.00494 51 
0.00523 60 
0.00552 69 


1.39626 34 
1.41371 67 
1.43117 00 
1.44862 33 
1.46607 66 
1.48352 99 
1.50098 32 
| 1.51843 64 
1.53588 97 
1.55334 3° 
1.57079 63 
1.58824 96 
1.60570 29 
1.62315 62 
1.64060 95 
1.65806 28 
1.67551 61 
1.69296 94 
1.71042 27 
1.72787 60 


2.44346 10 


0.00581 78 


2.46091 42 
2.47836 75 
2.49582 08 
2.51327 41 
2.53072 74 
2.54818 07 
2.56563 40 
2.58308 73 
2.60054 06 


0.00610 $7 
0.00639 95 
0.00669 04 
0.00698 13 
0.00727 22 
0.00756 31 
0.00785 40 
0.00814 49 
0.00843 58 


2.61799 39 


0.00872 66 


| 2.63544 72 


2.65290 05 
2.67035 38 
2.68780 70 
2.70526 03 
2.72271 36 
2.74016 69 
2.75702 02 
2.77597 35 


0.69813 17 


1.74532 93 


|0.71558 50 


0.73303 83 
0.75049 16 
0.76794 49 
0.78539 82 
0,80285 15 
0.82030 47 


0.83775 80 
0.85521 13 


0.87266 46 


0.89011 79 
0.90757 12 
0.92502 45 
0.94247 78 
0.95993 II 
| 0.97738 44 
0.99483 77 
1.01229 10 
1.02974 43 
1.04719 76 


1.76278 25 
1.78023 58 
1.79708 91 
1.81514 24 
1.83259 57 
1.85004 90 
1.86750 23 
1.88495 56 
| 1.90240 89 
1.91986 22 


2.79252 68 
2.80998 OI 
2.82743 34 
2.84488 67 
2.86234 00 
2.87979 33 
2.89724 66 
2.91469 99 
2.93215 31 
2.94969 64 


0.00901 75 
0.00930 34. 
0.00959 93 
0.00989 02 
0.01018 II 
0.01047 20 


0.01105 38 
0.01134 46 
0.01163 55 


0.01076 29 


I 


| 0.00007 27 


‘| 0.90017 94. 


0.00000 48 
| 0.00000 97 
0,00001 45 
| O.0O0OL 94 
| 0.00002 42 
0.00002 QI 
0.00003 39 
0.00003 88 
0.00004 36 
0.00004 85 
| 0.00005 33 
0.00005 82 
0.00006 30 
' 0.00006 79 


| 0.00007 76 


| 0.00008 24 
| 0.00008 73 
| 0.00009 21 
0,00009 70 
/ 0.00010 18 
| 0.00010 67 
O.0001I 15 
| 0.00011 64 
| 0.000I2 I2 
| 0.00012 61 
| 0.00013 09 
| 0.00013 57 
9.00014 06 
| 0.00014 54 
/0,00015 03 
0.00015 51 
| 0.00016 00 
| 0.00016 48 
| 0.00016 97 
0.00017 45 


0.00018 42 
0.00018 91 
0.00019 39 


0.01192 64 
0.01221 73 
0.01250 82 
0.01279 91 
0.01309 00 
0.01338 09 
0.01367 17 
0.01396 26 
0.01425 35 


0.00019 88 
0.00020 36 
0.00020 85 
0.00021 33 
0.00021 82 
0.00022 30 
0.00022 79 
0.00023 27 
0.00023 76 


2.96705 97 


0.01454 44 


0.00024 24 


1.93731 55 
1.95476 88 
1.97222 21 
1.98967 53 
2.00712 86 
2.02458 19 
2.04203 52 
2.05948 85 
2.07694 18 
2.09439 51 


DEGREES. 


2.98451 30 
3.00196 63 
3.01941 96 
3.03687 29 
3.05432 62 


| 307177 95 


3.08923 28 
3.10668 61 
3.12413 94 
3-14159 27 


0.01483 53 
0.01512 62 
0.01541 71 
0.01570 80 
0.01599 89 
0.01628 97 
0.01658 06 
0.01687 15 
0.01716 24 


0.00024 73 
0.00025 21 
0.00025 70 
0.00026 18 
0.00026 66 
0.00027 15 
0.00027 63 
| 0.00028 £2 
0.00028 60 | 


0.01745 33 
MINUTES. 


60° 


SECONDS. 


0.00029 :09 


yo 


iw ae 
git og. 10 => 


Base of common logarithms 
"Base of Naperian logarithms (¢} 
Com. Log. ¢ = M/ (Modulus of Com. Loe) 


Pai Log. Met oe Nap. Log. WV. 
oo Log. V = o x Com. Log. WV. 


Multiples of M. 
© | ‘0.00000 000 | 50 
1 | 0.43429 448 | 51 
2 0.86858 896 | 52 
3 | 1.30288 345 | 53 
4 |, .1-73717 793 | 54 
5 | 217147 241 | 55 
-6 | 2.60576 689 | 56 
7 | 3.04006 137 | 57 
8 | 347435 586 | 58 
9 | __ 3.90865 034 | 59 
10 | 4.34294 482 | 60 
It | 4.77723 930 | 61 
12 5:21153 378 | 62 
13 5.64582 826 | 63 
14 | 6.08012 275 }, 64 
15 6.51441 723 | 65 
16 6.94871 171 | 66 
17 7-38300 619 | 67 
18 47.81730067 | 68 
19 | 8.25159 516 | 69 
20 | 8.68588 964 | 70 
21 9.12018 412 | 71 
22 9.55447 860 | 72 
23 | 9.93877 308 | 73 
24 | 10.423060757 | 74 
25 | 10.85736 205 | 75 
26 | 11.29165 653 | 76 
27 | 11.72595 101 | 77. 
28 | 12.16024 549 | 78 
29 | 12.59453998 | 79 
3O | 13.02883 446 | 8O. 
31 | 13.46312 894 |] 81 
32 | 13.89742 342 | 82 
33 | 14.33171 790 | 83 
34 | 14.76601 238 | 84 
35. | 15.20030 687 | 85 
36 | 15.63460 135 | 86 
37 | 16.06889 583 | 87 
38 | 16.50319 031 | 88 
39 | 16.93748 479 | 89 
40 | 17.37177 928 | 90 
41 | 17.80607 376 | 91 
42 | 18.24036 824 | 92 
43 | 18.67466 272 | 93 
44 | 9.10895 720 | 94 
45 | 19.54325 169 | 95 
46 | 19.97754 617 | 96 
47 | 20.41184065 | 97 
48 | 20.84613 513 | 98 
49 | 21.28042 961 | 99 
21.71472 410 | 100 


| where WV denotes any pabee 3 » 


21.71472 410 re) 
22.14901 858 || “1 
22.58331 306 2 
23.01760 754 || 3 
23.45190 202 4 
23.88619 650 5 
24.32049 099 6 
24.75478 547 || 7 
25-18907 995 |; 8 
25-62337 443 || 9 
26.05766 891 || 10 
26.49196 340 II 
26.92625 788 12 
27.36055 236 || 13 
27.79484 684 || 14 
28.22914 132 I5 
28.66343 581 16 
29.09773 029 || 17 
29.53202 477 || 18 
29.96631 925 19 
_30.40061 373 || 20 
30.83490 822 || 21 
31.26920 270 || 22 
31.70349 718 || 23 
32.13779 166 || 24 
32.57208 614 || 25 
33.00638 062 26 
33-44067 511 27 
33-87496 959 || 28 
34.30926 407 2 
_34-74355 855 || 30 
35-17785 303 || 31 
35-61214 752 || 32 
36.04644 200 || 33 
36.48073 648 || 34 
36.91503 096 |) 35 
37-34932 544 || 36 
37-78361 993 || 37 
38.21791 441 || 38 
3.65220 889 || 39 
_39.08650 337 || 40 
39.52079 785 || 41 
39-95509 234 || 42 
40.38938 682 || 43 
40.82368 130 || 44 
41.25797 578 || 45 
41.69227 026 || 46 
42.12656 474 || 47 
42.56085 923 || 48 
42.99515 371 || 49 
43-42944 819 || 50 


- 20.72326 584 


10, 


Multiples of 


0.00000 000 
2.30258 509 
4.60517 019 
6.90775 528 
9.21034 037 
11,51292 546 
13.81551 056 
16.11809 565 
18.42068 074 


2.71828 18284 59045 23536 
0.43429 44819 03777 
2.30258 sope: 24045 68402 


135-85252 049 


Vv. CONVERSION OF LOGARITHMS. 


G276 ee 


‘|-115.12925 465 || 


117.43183 974 | 
119.73442 484 || 
122.03700 993 | 

124.33959 502 
126.64218 O11 
128.94476:521 
131.24735.030 
133-54993 539 | 


23:02585 093 138.15510558 
25.32843 602 | 61 | 140.45769 067 
27.63102 112 | 62 | 142.76027 577 
29.93360 621 | 63 | 145.06286 086 
32.23619 130 | 64 | 147.36544 595 
34-53877 639 | 65 | 149.06803 104 
36.84136 149 | 66 | 151.97061 614 
39-14394 658 | 67 | 154.27320 123 
41.44653 167 | 68 | 156.57578 632 
43-74911 677 | 69 | 158.87837 142 
f 46.05170 186 | 70 | 161.18095 651 
48.35428 695 | 71 | 163.48354 160 
50.65687 205 | 72 | 165.78612 670 
52.95945 714 | 73 | 168.08871 179 
55-26204 223 | 74 | 170.39129 688 
57-5462 732 | 75 | 172.69388 197 
59.86721 242 | 76 | 174.99646 707 
62.16979 751 | 77 | 177.29905 216 
64.47238 260 | 78 | 179.60163 725 
66.77496 770 | 79 | 181.90422 23 35, 
69.07755 279 | BO | _184.20680 744 
71.38013 788 | 81 | 186.50939 253 
73-68272 298 | 82 | 188.81197 763 
75-98530 807 | 83 | 191.11456 272 
78.28789 316 | 84 | 193.41714 781 
~ 80.59047 825 | 85 | 195.71973 290 
82.89306 335 | 86 | 198.02231 800 
85.19564 844 | 87 | 200.32490 309 
87.49823 353 | 88 | 202.62748 818 
89.80081 863 | 89 | 204.93007 328 
92.10340 372 | 9O | 207.23265 837 | 
94.40598 881 | 91 | 209.53524 346 
96.70857 391 | 92 | 211.83782 856 
99.O1115 900 | 93 | 214.14041 365 
10I.31374 409 | 94 | 216.44299 874 
103.61632 918 | 95 | 218.74558 383 
105.91891 428 | 96 | 221.04816 893 | 
108.22149 937 | 97 | 223-35075 402 
110.52408 446 | 98 | 225.65333 911 
112.82666 956 | 99 | 227.95592 421 
115.12925 455 | 100 | 230.25850 930 
-_-_______*~_“~ 3 


ee ee re 


= 


—_” 


TRIGONOMETRIC FORMULAS. 


sinta -+- cos?a = 1. sin « 


tana = 
secla = 1 +tanta. cose 
0 
cosec?a = 1 + cotta. cota = OS *. 
in « 
tang 
oo cosa= + x 


cteke We tanta 


sing = + 


sin (a + 8) =sinacos8 + cosa sin B. cet 


cos (a + 8) = cosacos® F sinasin§. 


_ _tana + tanB 
pea) = I + tana tan B 
sina+sin 8 =2 sin} (a+) cos} (a—§). 
sin a—sin 8B =2cos} (a+ 8) sin} (a— 
cos a+ cos B=2 cos $ (2+) cos} (a—§). 
cos a—cos8=—2sin}(a+8)sin}(a—B). . ~ Picton 


sina sin8 = $cos (a — 8)— $cos(a + 8). 
cos a cos8 = $cos(a — B)+ 4cos(a + B). 
sina cos8 =4$sin(a+) + $sin(a— 8). 
‘sin? a — sin? 8 = cos? 8 — cos*a = sin (a + B) sin (a — 8). 


cos?a — sin? 8 = cos? 8 — sin?a = cos (a + 8) cos (a — B)- 


sin 2a = 2sina cosa. : itanita 
s " ENE 23 7, Se 
cos 2a = cos*a — sin*a. I — tanta 


2sin? $a = 1 — cosa. ; 2cos?*4a = 1+ cosa. 


— cosa _ _ sina _ I — cosa 
angen iene =e 
I+cosa 1 + cosa sin « 


sina + sin(a+*)+sin(a+2x)+ ++ +sin (a+ 2x) 
_ sin} (#7 + 1) xsin (a + $nx) 
ae sind x 
cos « + cos (a+*)+ cos (a+ 2x)+ + + cos (a + ”x) 
_ sing (2+ 1) cos (a +4 2x) 


sin} x 


et =cosx +isinx. e-** = cosx — ft sin x. 
A PAu ; ; I 
O82 Kan cee aoa ry cao den F 


enzi —(cosx +7 sinx)" = cosmx + isin nx. 


PLANE TRIANGLES. 


a ages Die e 
sind sinB sin€ 
@ =écosC+eccos&. 
a? = 624 2% — 2kecos A. 


asin$ (5 — C)=(6—c) cos$A. 


yes co acest (B— C)=(6 +0) sing A. 
b 
J Fic. 2. 
a+6_tan}(4+ 8) _ _asinB af 
a-—b tani(4—S) ns aoe ; 
= wos eereannene ee ahh 
cos x a—do 


Nea et Ns: 


sin} Aa E=DE=9. cosh day E=9) eae CE ICED 


s—é se 


sinC 


gue : 
Area = fadsin C=&. BASS _ VSG a) GA G—4) 


Radius of inscribed circle = ». 


Diameter of circumscribed circle = —7. 
sin 


DIFFERENTIAL FORMULAS FOR PLANE TRIANGLES. 
@A+dB+dC=0. 
6 


da = cos Cab + cos Bde + bsin Cad. 
adB = sin Cdb —sin Bae — bcos Cad. 


oF cot Add Bd Rap AG ape o _ cot Cac. 


RIGHT SPHERICAL TRIANGLES (C= 90°). 


B 
sin @=sinA sine. sin 6=sin Asine. 
sin a = cot Btand, sin 6=cot 4 tana, 
a cosdA =sin Bcosa, cos B = sin 4 cosé. 
cos 4 = tanédcote. cos 8 = tana cote. 


cos¢ = cos@cosé= cot 4 cot Z. 


ah 


. OBLIQUE SPHERICAL TRIANGLES. 
sina _ sind _ sine / ; 
sind sinB sinC 
cos@ = cosdcos¢+ sindsinc cos A. 


cos 4d =— cos Acos C+ sin Asin C cosa. 


sina cos 8 =cosésinc — sind cosc cos A. 


sin 4 cosé = cos &sin C+ sin B cos C cosa. 


j| sinacosé =sinecosB + cosa sinécos C. 


1| sin 4 cos 8 = cosésin C — cosccosA sin B. 


|| sinacoté =cot Bsn C+ cos @ cos C, b 
sind cot B= cot sine — cosc cos A. Fic. 4. 
s=h(atb+c). | S=}(A+B+C). 
W214 — Sin(s — 4) sin(s — ¢) 91, _ — cos Scos(S— A) 
a Ee tag sin 6 sine a ae sin Bsm C 
a1 4—sinssin(s — @) cos (S — B) cos(.S — C) 
my “°° Sea sin 6 sinc cos? 5a = Sasa C : 
’ Pree ain ee) Mee pans — cos Scos(S — A) 
| sins sin (s — @) an tO case PCAs EO) 
||... sin(s —a@) sin(s — 4) sin(s —¢) 
= Sin sine i Dake Vere. eet eACUS Dae Ue eee 
a A ~ cos (S—A) cos (5S — B) cos (S—C) 
Uf free a 
Be tae 2) tanda = Rcos(S— A). 
sin }¢ sin }(A — B)= cos} C sin} (a — 4). 
sin 4c cosi(A — B)=sin} Csin}(@+ 4). 
cos} c sin }(4 + B)=cosi Ccos}(a— 4). 
cosiccosi(4 + &) =sin } Ccos} (a + 4). . 
tande git (4 By cot} Cc _ sing (a +4) 
tani(a—6) sin}(4— B) tani (A — 8B) sin}(@—4) 
tande __ cos (A + B) cot iC _ cos} (a +4) 


tan}(a +6) cos}(4—B) tan}(4+B) cos}(a—) 


ry = tangent of the angular radius of the inscribed small circle. 


R = tangent of the angular radius of the circumscribed small circle. 


SPHERICAL EXCESS. 


eed PP Ch! 180°, 
tan}atan4dsin C 


sin 4a@ sin $4 vaamaen aN 
1+ tan}atan}dcosC 


cos4e¢ 


tan? # = tan}s tan} (s ay, tan} (s — 4) tan} (s—¢). 


sin} £ = sin C. tang Z= 


Z' = area + 7*sin 1", 


100 


DIFFERENTIAL FORMULAS FOR SPHERICAL 
TRIANGLES. 


cot aaa — cot AdA = cotdab — cot BdB = cot cde — corC dC. 
da =cosCab+ cos Bae + sincesin B@A. 

@A = sind sin Cda — coscdB — cos du. 

sinc dB =— coeeaiaen #4 + sin A db — sind cos A dC. 


MACLAURIN’S THEOREM.* 


J@)= S(0) + f'(0) * al CPi TT IMO) Zee 


TAYLOR’S THEOREM.* 


eth =fa)+@* +/"(a)= tee rakes 


duh , duk au ke dtu kh, du 


x+h, +2 ’ Ngee fie oli 
IC ab = AC: Nts, eI de 2! ay? 2! axdy sage ri 


where «= f(x, y). 


LAGRANGE’S THEOREM.* . 
w=f(2), and s=y +2 4(2); 
Bete 
“(30 2] 2 @[H ore a 
dy a8, eee ay? 


w=/() + 09) LOZ + 


BINOMIAL THEOREM. 


° 


(a+ dn=ar5™ <an- 15 4 MOD gnaage CPN 1 


EXPONENTIAL THEOREM.* 


a= 4 loga ae loga\? x? og a\ x log a <e 
I x ( ) ne ) ot ‘ee + coe, 


e=! = aa ee ys 
+et+- Rate ts Bee es ime t aap 3 to 


*n! denotes ‘‘ factorial 7,” or the product 1+ 2+3+4++. 2. 


LOGARITHMIC SERIES.* 
log (a + 6)= log a + u[3(2) oe At i (ey- : (2) 8 


seer Oe 6 2a| + ie + aNele = Aye bed es «|. 


log (1 + 8) = M(x —1at + ist —tt iad —...). 
nS sei Sa 


\ 


log(s — x)= M(x + Dat att Dat ta +), 
5 
tog = 2ar[! (2=4) (2=) 1(2= 84 
s% [; a+é fe a+é6 tT a+é an } 
Peres 1 (lo 2) (eee)! 1 flogae\? , 1 /loga\s ~ 
TE eB ey pe Oke ta be) ay ts (88 ' 
ele pes ee oa) 


TRIGONOMETRIC SERIES.* f. 


tanx = a +isd +— 2 x5 + JL gt 02. 49 + 1382 ny 006— 
3 15 315 ae 155925 
pe 2 pe ey 7 2 __ x9 — vos, 
: x 3 45 as 4725 93555 
secx=1I+- Eat 4 Sty Sg eet cae 
Ve 
cosee # = 2 +2 Cpe ta 
15120 
sinty =y +2 eereere pre 
112 1152 
=} eee Co or jy fee Bape — 000, 
ees y es ee 112” aap. 


tan“1y = sips! bes ae 


+ : 
at oe yi Bs 


lopsinx = loge — a (iz9+—-xt + — —— «8 + +}. 
log sin x = logx to" 7 sre tl eepepa on ) 


log cos x = — ar (# poner Lat + ah + ue Zhe +-). 
45 2520 
log tan x = log.x + a1 (2 aber 62 + el 9 + oo) 
2835 18900 \ 


Pe) a wor ae 
jog sin-}y logy + (29 riers ) 


lo tan-y = lo — (iy — 13 4 4 St ys — ~~). 
g tan~"y = logy a aye Sai 


log sin x = log tan x — 1 (dans —ltantx + stan’ x — gtantz + tonite 
4 


log tan x = log sin x + (sin? = + psa + asin’ x + gsinta ot ). 


ee 
* 91 denotes “ factorial 1,” or the product 1-2+3°4 +++ % 
$ The angles are expressed in circular measure. 


DIFFERENTIATION. 


SR er dutvj=dutda. d(uv)= udv+vdau. 
*\=4 Ano eels 2. i= eee a0 d(vx)= as 
Hs ; : 2Vx 
ma I 
@(logx)= ae. d(a)= 7a log a dx. d(@)=< ax: 
d (xv) = x¥ logex dy + ya! dx. 
d@ (sin x) = cos x dx. ad (cosx)=— sin x dx. 
d (tan x) = sec? x dx, j d (cot x) =— cosec* x dx. 


d (sec x) = secx tan x dx. d (cosec x) = —.cosec x cot x dx, 


Be ok d (tan-) x) = ax = 
Vi- x Tare ee 


ge @ (cot! x) =— = @ (cosec™} x) = — 


Vi- r++ xVxz7—1 


@ (vers-! x) = Ee @ (covers™! x) = — 3 eeeeae 
V2«— x2 V2x— x2 


a(sin1 x)= ad (sect a)= 


@ (cos! x) = — 


APPROXIMATE INTEGRATION. 


i 1 
Let Ax be the common distance between the ordinates yo, 91, Vo, ++: ny Where , 
m is'even. 


Ip oe 2 P+20 mines = yoll! Vw — yo" 
1 (/@) a= 5 180 re 1512 mata 
where P=Ax [Vo ME as. ++ + yn—2) ], 


O=2Ax[y1 +43 + ++ + nr], 


y,! = “f) when x = abscissa of pq. 
by 


\ 


2. Simpson’s rule: 
A : 
Ate 5 + Yn + 22+ Ve +e + 3n—2) + 4071 + 93 + «+ + n-1)]- 
$. Weddle’s rule (for seven ordinates) : 


A=3 3 Cy + at re+4e + ys +5 (1+ 93 + ys) ]. 


4. Prismoidal formula: 7 = 4 [4 + Al + 4 Anl=3 [4 + 4! + 4A). 
3 aes, 


ConsTANTs. Locaritums. 


os « 0.43429 448 

- 9.63778 431 — 10 

. 1.75812 263 
3.53627 388 
5:31442 513 

+ 4-33445 375 


Base of Naperian logs: Ci hers 
Modulus of common logs: loge = = 
Degrees in arc = radius: 180° +7 = 
Minutes in arc = radius: . . 


oe. 2.71828 183 
0.43429 448 
+ + 57 29577 95! 
+6 + 6 3.437'.74677 

« 206 264!'.806 

360° expressed in minutes of arc: ..... 21 600! 


e 
eoeee 
ee 
° 


{ 


360° expressed in seconds of arc: ........-. 1 296000" ., 


m = 3.14159 26535 89793 23846 


log 7 = 0.49714 98726 
sin 1/7 = 0,00000 48481 
arc I! = 0,00000 48481 


1 Eng. inch , 
t Eng. foot 
1 Eng. yard .. 


1 Eng. statute mile . 


I meter 


1 kilometer . . 


1 sq. foot ... 
TesGemehi sr. << 
¥ sq. meter .. 
I sq. centimeter 


I cubic foot 
I cubic inch 
I cubic meter 


I cubic decimeter (liter). . 


I avoirdupois pound 
I avoirdupois ounce 
IL TOY OUNCE |< 1s « 


= kilogram 


I foot-pound ... 
1 kilogram-meter . 


I pound per sq. in. 
I gram per sq. cm, 
I pound per cu. ft. 
I grain per cu. in, 

I gram per cu. cm, 


I gram per cu. cm.. 


Wt. of mass of I gram. 


94133 85435 
360811 07637 
360811 09536 


0.02540 OI 
0.30480 I 
0.91440 2 
1.60935 
39-3700 

3.28083 
1.09361 I 
0.621370 


9.29034 
6.45163 
10.7639 
0.155000 
0.02831 70 
nee LO.3572 
ee 35-3145 
61.0234 


: 453-59242 77 

: 28.34953 

A 31.10348 

° 64.79892 

: 2.20462 

. 35-2740 

. 32.1507 

22+ 15.43235 639 
0.13825 5 
7.23300 

70.3067 

0.01422 34 
0.01601 84 


0.00395 425 
62.4283 


Wt. of mass of I grain. . 


1 foot-pound .... 
1 kilogram-meter. . 


I horse-power .. 


I horse-power ... 


76,0404 
746 


kilometers . 
Eng. inches 
Eng. feet 
Eng. yards 


Eng. statute miles. sit 


sq. decimeters 


. 6.11260 500 
- 3.15836 249 
» 4.93651 374 


0.49714 987 
4.68557 487 — 10 


- 4.68557 487 — Lo 


LocarirHMs. 

8.40483 5 — 10 

9.48401 6 — 10 
- 9.96113 7 — 10 
0.20665 0 
1.59516 5 
0.51598 4 
0.03886 3 
9:7 933 5,0 ek 


Squcentimeters) -) 7. 


sq. feet 
sq. inches . 


cubic meters 


cubic centimeters ... 


cubic feet .... 
cubic inches 


milligrams 

avdp. pounds ... 
avdp. ounces 

Troy ounces... 


kilogram-meters. 
foot-pounds ... 


grams per sq. cm, 
Ibs. per sq. in 


grams per cu.cm.... 
grams per cu.cm,... 


Ibs. per cu. ft 
grains per cu.in. . 


dynes (¢ in meters). 


dynes (g in meters) 


9.19033 1 — 10 

8.45204 7 — 10 

1.214504 

1.54795 3 

1.78549 6 

. 2.65666 6 
1.452546 
1.49280 9 
1.811568 

- 0.34333 4 
1.54745 4 

. 1.50719 I 
1.18843 2 

. 9.14068 2 — 10 

. 0.85931 8 

1.84699 7 

8.15300 3 — 10 

8.20461 8 — Io 

7.59706 4 — 10 

1.79538 2 

. 2.40293 6 


LOGARITHMS. 


0.811568 


ergs (g in centimeters). . . . 4.14068 2 
ergs (g in centimeters). 


ergs per sec. 


watts (gin meters)......- 
watts (approximately) ...- 


1.88104 4 
2.872739 


£ = 32.086 528 + 0.171 293 sin? @ — 0.000.003 %. in feet (Harkness), 
= 9.779 886 + 0.052 210 sin? ¢ — 0.000 003 #. in meters (Harkness). 
2 = 39.012 540 + 0.208 268 sin? ¢ — 0,000 000 3 %. in inches (Harkness) 
= 0.990 910 + 0.005 290 sin? ¢ — 0,000 000 3 &, in meters (Harkness), - 


_—_][— 


; 
= heats 
he f \4 
o aa A 


eta e 


aie is 


> 


poem CANA TION Ob CHE. TABLES, 


INTRODUCTORY. 


1. When we have a number with six or more decimal places, and we 
wish to use only five : 
(a) If the sixth and following figures of the decimal are less than 
5 in the sixth place, they are dropped ; thus, 0.46437 4999 is called 
0.46437. 
(4) If the sixth and following figures of the decimal are greater than 
| 5 in the sixth place, the fifth place is increased by unity and the sixth 
and following places are dropped ; thus, 0.46437 5001 is called 0.46438. 
| (¢) If the sixth figure of the decimal is 5, and if it is followed only by 
zeros, make the fifth figure the nearest even figure ; thus, 0.46437 500 is 
called 0.46438, while 0.46438 500 is also called 0.46438. The number 
is thus increased when the fifth figure is odd, and decreased when it is 
even, the two operations tending to neutralize each other in a series of 
computations, and hence to diminish the resultant error. 


2. Hence any number obtained according to Art. 1 may be in error — 
by half a unit in the fifth decimal place. 


3. When the last figure of a number in these tables is.5, the number 
printed is too large, the 5 having been obtained according to Art. 1 (4); 
if the 5 is without the minus sign, the number printed is too small, 
the figures following the 5 having been dropped according to Art. 1 (@). 


4. The marginal tables contain the products of the numbers at the 
top of the columns by 1, 2, 3, °--9 “mths, and may be used in multiply- 
ing and dividing in interpolation. 

(a) To multiply 38 by .746: 


38 X .7= = 26.6 

38 X .4= 15.2; «. 38 X 04 = 1.52 

38 X .6 = 22.8; «. 38 X 006 =__..228 
GE 3b oe. 740 = 28.348 


© CONT Qui W WL = 
sal 
‘© 
° 


In multiplyiag by the second figure (hundredths), the decimal point 
in the table is moved one place to the left; in multiplying by the third 
(thousandths), ¢wo to the left ; and so on. 


a eee 


(105) 


EXPLANATION OF THE TABLES. 


(4) To divide 28 by 38: 


Dividend, 28 
Next less, 26.6 corresponding to .7 


Remainder, 14 
Next less, 11.4 corresponding to .03 


Remainder, 26 
Nearest, 2 6.6 corresponding to .007 


-. Quotient, 737 


© ON AUP wW Wb 


to the nearest third decimal place. The decimal point is moved one 
place to the right in each remainder, since the next figure in the quotient 
_will be one place farther to the right. 
To divide 23 by 38: 


Dividend, 23 
22.8 corresponding to .6 


2 “ 
0.0 corresponding to .oo 


2 0. 
Nearest, 1 9.0 corresponding to .005 


-*. Quotient, .605 


The computer should use the marginal tables mentally. 


LOGARITHMS, 


5. The logarithm of a number is the exponent of the power to which 
a given number called the dase must be raised to produce the first 
number. If 4=e*,a is called the logarithm of the number 4 to the 
base ¢, written log, 4 = a. 7 


6. 1f 4 =e", and! Bisse) or (omitting subscripts) log 4 =a, and 
log B = 4, we have 


Ax B=; ». log(4 x B)=at+; «. log(AxB) =log 4+log B. 
*, log(4+B)=a—b 3 +. log(d+B) =log A—log B. 
*, log(.4") =na; .,log(A") =nlog J. 


. log WA =<; “log VA =< log A. 


EXPLANATION OF THE TABLES. iil 


‘7. When the base is not specified, it is generally understood ‘at 
logarithms to the base 10, or common dogarithms, are meant. Io tnis 
system, since . 


0.001 =——_ = —,=107, logo.oo1=—3; 


06: =—— =— =10~, logo.or 
ried OO TO aE Ne | RL Geet) 
I I 
Or =— =—=107, lgor =—1; 
10 10 ; Cae ne 
I. = 10°, Open tenis 
10. = 10}, log , 10=+13 
100. = 10’, log 100=+23 
1000. = . 10°, log 1000 = + 3. 


8. The logarithm of a number between 100 and 1ooo will be a num- 
ber between 2 and 3, or 2+ m where m will be a decimal called the 
mantissa, the integral portion of the logarithm being the characteris ac. 
The mantissa is always considered posi/ive; thus logo.oo2 will be a 
number between — 2 and — 3, that is, either —3-+m or —2—~m', 
the first form being used. We write log 0.002 = 3.30103, the negative 
sign being placed over the characteristic to show that the characteristic 
alone is negative. ~ 


} 


9. Since ; 
log (A x 10") = log 4 + log 10" = log 4 + 2 log 10 = log 4 +2, 
and log (4 + 10") = log A — log 10" = log A —nz log 10= logd —2, 


we have, if log 37.3 = 1.57171; 


log 373- = 2.57171, and log3.73  =0.57171; 

log 3730 =3-57171, and logo.373 = 1.571713 

log 37300 = 4.57171, and log 0.0373 = 2.57171. 
Hence the position of the decimal point affects the characteristic alone, 
the mantissa being always the same for the same sequence of figures. 
For this reason the common system of logarithms is used in practice. 


10. The characteristic is found as follows: When the number ts 
greater than 1, the characteristic ts positive, and ts one less than the num- 
ber of digits to the left of the decimal point; when the number ts less 
than 1, the characteristic ts negative, ‘and ts one more than the number 
of zeros between the decimal point and the first significant figure. 

11. To avoid the use of negative characteristics we add 10 to the 
characteristic and write —10 after the mantissa, 7.¢. adding and subtract- 
ing the same quantity, =o. Thus logo.2 = 1.30103 would be written 


iv EXPLANATION OF THE TABLES. 


9.30103 —1o. The — 10 is often omitted for brevity when there is no 
danger of confusion, but its existence must not be forgotten. Such 
logarithms are called augmented logarithms. 

In this case the characteristic of the logarithm of a pure decimal ts 9 
diminished by the number of ciphers to the left of the first significant 
figure. Thus the characteristic of log 0.004 is 9 — 2, or 7, and that of 
logo.94 isg—0,0rg. | 

12. The arithmetical complement of the logarithm (written co/og) 
of a number is the logarithm of its reciprocal, and is found by subtract- 
ing each figure of the logarithm from 9, commencing at the left, except 
the last significant figure on the right, which is subtracted from ro. 


For log~ = — log x = 10— log x— 10; 


thus, if log « = 2.46403, colog x = 7.53597 — 103 
if log x = 8.43000 — 10, colog x = 1.57000. 


TABLE I. 


13. Page 3 contains the logarithms of numbers from 1 to 100, to 
five decimal places. 

Pages 4-21 contain the mantissas of the logarithms of numbers from 
1000 to 10009, to five decimal places. 

Pages 22, 23, contain the mantissas of the logarithms of numbers 
from 10000 to 11009, to seven decimal places. 

Nore. — The mantissas of the logarithms of numbers, except those of the integral 


powers of 10, are incommensurable, the mantissas in the tables being found as 
shown in Art. I. 


To find the Logarithm of a Number. 


14. The characteristic is found by the rules in Arts. 10 and’ 11, and 
the mantissa from the tables, as shown in Arts. 15, 16, 17, 18. 


15. When the number has four figures.— Find on pages 4-21 the 
first three figures in the column marked J, and the fourth at the top 
of one of the other columns. The last three figures of the mantissa are 
found in this column on the horizontal line through the first three 
figures of the given number in column WV. The first two figures of the 
mantissa are those under Z in the same line with the number, or else — 
those nearest above it, unless the last three figures of the mantissa as 
given in the tables are preceded by a *, when the first two figures are 
found under Z in the first line de/ow the number. Thus (page 4), 


log 1136 = 3.05538; log 1137 = 3.05576; log 1138 = 3.05614; 
log 1370 = 3.13672 ; log 1371 = 3.13704 ; log 1372 = 3.13735 ; 
log 1380 = 3.13988 ; log 1381 = 3.14019 ; log 1382 = 3.14051. 


EXPLANATION OF THE TABLES. 7 


16. When the number has less than four figures, annex ciphers on 
the right and proceed as in Art. 15. Thus, 


log 1.13 = 0.05308 ; log 12.8 = 1.10721 ; log 130 = 2.11394; 


log15 =1.17609; log16 = 1.20412; log17 = 1.23045. 


17. When the number has more than four figures, as 11.4672.— 
Since the mantissa is independent of the position of the decimal point, 
point off the first four figures and find the mantissa of log 1146.72. 
This will be between the mantissas of log 1146 and log1147. Hence 
find from the tables the mantissas corresponding to 1146 and 1147; 
multiply the difference between them (called the tabular difference) by 
-72, and add the product (called the correction) to log11.46; the 
result will be the logarithm required. 


Mantissa of log 1146 = 05918 | log 11.46 = 1.05918 
Mantissa of log 1147 = 05956 correction = 38 X .72= 27.36 


‘Tabular difference = 38 . log 11.4672 = 1.05945 36 
or = 1.05945 


Note. — Since any mantissa in the tables may be in error by half a unit in the 

fifth decimal place (Art. 2), no advantage is gained by using the sixth place in 

the interpolated logarithm. Thus, according to Art. 1, we drop the .36, and call 
log 11.4672 = 1.05945. 7 

Nore. — The marginal tables should be used in multiplying the tabular difference 
to find the correction (Art. 4). 

Note. — It is assumed that the change in the mantissa is proportional to that in 
the number, as the latter increases from 1146 to 1147. An increase of 1 in the num- 
ber causes an increase of 38 in the mantissa; hence an increase of .72 in the number 
will cause an increase of 38 x .72 in the mantissa. 


Note. — We could also find the mantissa of log 11.4672 by subtracting the prod- 
uct of the tabular difference by .28 (or 1.00 —.72) from the mantissa corresponding 
to 1147; that is, the required mantissa is 05956— (38 x -28) =05956—10.64=05945 
as before. 


18. Zhe general rule is: Find the mantissa corresponding to the 
first four figures of the number; multiply the tabular difference by the 
fifth and following figures treated as a decimal; and add the product 
to the mantissa just found, 


The tabular difference is the difference between the mantissas corre- 
sponding to the two numbers in the tables, between which the given 
number lies. 
log 1.62163 =0.20995 ; logo.38024=T.58006 ; log 0.085 2763 = 2.93083 5 
log 189.524=2.27767 ; log 0.38602 =1.58661 ; log 0.0085938=3-93419 5 
log 19983-4=4.30067 ; log 3.98743=0.60070 ; logo.og0046 =2.95446. 


eS eee 
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Nore, — Page 3 is used when the number contains less than three figures, the 
number being found in the column J, and the logarithm in the column headed Lag. 
The characteristic is given for whole numbers, and must be changed ‘for decimals. 

Nore. — When a number is composed of three figures, find on pages 4-21 the 
number in the column J, and the mantissa corresponding in the column Z, o. 


To find the Number corresponding to a Given Logarithm. 


19. From the tables we, find the sequence of figures corresponding 
to the given mantissa, as shown in Arts. 20, 21, and 22, the position of 
the decimal point being determined by the characteristic (Arts. 10, 11). 

20. When the given mantissa can be found in the tables.— Find on 
pages 4-21 the first two figures of the mantissa under Z in the column 
headed Z. 0. The last three figures of the mantissa are then sought for 
in the columns headed 0, 1, 2, --- 9, in the same line with. the first two 
figures, or in one of the lines just below, or in the line next above 
(where they would be preceded by a*). The first three figures of the 
required number will be found in the column headed J, in the same 
horizontal line with the last three figures of the mantissa, and the fourth 
figure of the number at the top of the column in which the-last three 
figures of the mantissa are found. Thus (page 4), 


0.06221 = log 1.154; 0.06558 = log 1.163 ; 0.06893 = log 1. 1723. 
0.07004 = log 1.175 ; 0.07188 = log 1.180 ; 0.08063 = log 1.204. 


21. When the given mantissa an not be found in the tables. —lf we 
wish to find the number whose logarithm is 2.16531, we enter the tables 
with 16531, and find that it lies between 16524 and 16554, so that the 
given mantissa corresponds to a number between 1463 and 1464. Also 
16531 exceeds 16524 by 7, and this difference, divided by the tabular 
difference 30, gives .23++- as the amount by which the required number 
exceeds 1463. Hence 2.16531 = log 146.323 ---, which we call 146.32, 
according to Art. x, the incompleteness of the tables making the sixth 
figure uncertain. 


Nore. —The marginal tables should be used in dividing the difference between 
the given mantissa and the one next less in the tables by the tabular difference. 


22. The general rule is: Find the number corresponding to the 


mantissa in the tables next less than the given mantissa ; divide the: 
‘excess of the given mantissa over the one found in the tables by the 


tabular difference; and annex the quotient to the first four figures 
already found. 

The tabular difference is the difference between the two mantissas in 
the tables, between which the given mantissa lies. 
1.16600 = log 0.14656; 0.18002 = log 1.5136; 2.18200 = log 152.06 ; 
1.19000 = 108 15.488; 4.19680 = log 15733; 1.20020= log 15.856. 


23. For the use of the numbers S', 7’, S", 7", see Arts. 35-38. > 
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TABLE II. 


_ 24. This table (pages 26-70) contains the logarithms, to five deci- | 
mal places, of the trigonometric sines, cosines, tangents, and cotangents 
of angles from 0° to 90°, for each minute. The logarithms in the 
columns headed Z. Sin, Z. Zan, and LZ. Cos, are augmented, and should 
be diminished by 10 (Art. 11), while those in the columns headed 
L. Cot are correctly given, 


‘a: I 
25. Since secx = ; 
COS Xx 


secant and cosecant of an angle are the arithmetical complements of 
those of the cosine and sine respectively (Art. 12). 


I s 
and cosec x = ——, the logarithms of the 
sin x 


To find the Logarithmic Functions of an Angle Less than 90°. 


26. When the angle is less than 45°, the degrees are found at the 4op 
of the page, and the minutes on the 4/7. The numbers in the same — 
horizontal line with the minutes of the angle are the logarithmic functions 
indicated by the notation at the op of the columns. ‘Thus (page 34), 


log sin 8° 4’= 9.14714 — 10, log tan 8° 4'= 9.15145 — 10, 
; log cot 8° 4'= 0.84855, log cos 8° 4'= 9.99568 — 10. 


271. When the angie is greater than 45°, the degrees are found at the 
bottom of the page, and the minutes on the right, The numbers in the 
same horizontal line with the minutes of the angle are the logarithmic 
functions indicated by the notation at the de/tom of the columns. Thus 


(page 34), 
log sin 81° 25' = 9.99511 — 10, log tan 81° 25'= 0.82120, 
log cot 81° 25’ = 9.17880 — 10, log cos 81° 25' = 9.17391 — 10. 


28. When the angle is given to decimals of a minute.—In finding 
log sin 30° 8'.48, for example, we see that it will lie between the 
logarithmic sines of 30° 8’ and 30° 9/, that is, between 9.70072 and 
9.70093, their difference 21 being the change in the logarithmic sine 
caused by a change of 1’ in the angle. Hence, to find the correction 
to log sin 30° 8! that would give log sin 30° 8.48 we multiply 21 by .48 
(Art. 4). The product 10.08 added to log sin 30° 8', since log sin 30° 9! 
is greater than log sin 30° 8', gives log sin 30° 8'.48 = 9.70082 (Art. 1). 
Similarly, log tan 30° $'.48 = 9.76391, log cot 30° 8'.48 = 0.23609, log 
cos 30° 8'.48 = 9.93691, the correction being subtracted in the last 
two cases, since the cotangent and the cosine decrease as the angle 
increases. ~ 


viii EXPLANATION OF THE TABLES. 


29. The general rule is: Find the function corresponding to the given 
degrees and minutes ; multiply the tabular difference by the decimals of 
a minute; add the product to the function corresponding to the given 
degrees and minutes when finding the logarithmic sine or tangent, and 
subtract tt when finding the logarithmic cosine or cotangent. 

The tabular differences are given in the columns headed @. and ¢. d., 
the latter containing the common difference for the Z. Zan and L. Cot 
columns. Zhe difference tg be used is that between the functions cor- 
responding to the two angles between which the given angle lies. 


For 30° 39'.38: log sin = 9.70747 ; log cos = 9.93462 ; 
log tan = 9.77285 ; log cot = 0.22715. 


For 59° 43'.46: log sin = 9.93632 ; log cos = 9.70257 ; 
log tan = 0.23375 ; log cot = 9.76625. 


30. When the angle is given to seconds, the correction may be found 
by multiplying the tabular difference by the number of seconds, and 
dividing the product by 60. 


To find the Acute Angle corresponding to a Given Logarithmic 
Function. 


31. The column headed Z. Sin is marked Z. Cos at the bottom, while 
that headed Z. Cos is marked Z. Sin at the bottom ; hence, if a logarith- 
mic sine or cosine were given, we should expect to find it in one of these 
two columns. Similarly, we should expect to find a given logarithmic 
tangent or cotangent in one of the two columns headed Z. Zam and 
tenor 


32. When the function can be found in the tables. — Vf a logarithmic 
sine is given, find it in one of the two columns marked Z. Sim and 
L. Cos; if found in the column headed Z. Sin, the degrees are taken 
from the top, and the minutes from the left of the page; if in the 
column headed Z. Cos but marked Z. Sim at the bottom, the degrees 
are taken from the bottom, and the minutes from the right of the page. 
Thus, 


9-70115 = log sin 30° 10’; 9.93457 = log sin 59° 20'; 
9-93724 = log cos 30° 4'; 9.70590 = log cos 59° 28'; 
9-76406 = log tan 30° 9/; 0.23130 = log tan 59° 35'; 
0.23420 = log cot 30° 15'; 9.76870 = log cot 59° 35!. 


33. When the function can not be found in the tables. —If we wish to 
find the angle whose logarithmic sine is 9.70170, we see on page 56 
that the given logarithmic sine lies between 9.70159 and 9-70180, and 
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hence the angle is between 30° 12’ and 30°13’. The given logarithmic 
sine differs from log sin 30° 12' by 11, and this difference, divided by 
the tabular difference 21, gives .52+ as the decimal of a minute by 
which the angle exceeds 30°12’. Hence 9.70170 = log sin 30° 12'.52, 
which we call 30° 12'.5, since the incompleteness of the tables (Art. 1) 
makes the hundredths of a minute uncertain. 


34. The rule is: For a logarithmic sine or tangent find the degrees 
and minutes corresponding to the function in the tables next \ess than 
the given function ; divide the difference between the given function and 
the one next less by the tabular difference; and the quotient will be the 
decimal of a minute to be added to the degrees and minutes already 
found. For a logarithmic cosine or cotangent find the degrees and min- | 
utes corresponding to the function next greater than the given function, 
since the cosine and cotangent decrease as the angle increases, and divide 
the difference between the given function and the one next greater by the 
tabular difference, to find the decimal of a minute. 

The tabular difference is the difference between the two functions in 
‘the tables, between which the given function lies. 

9.70000 = log sin 30° 4/.7; 9.93500 = log sin 59° 25'.7 ; 
9.93400 = log cos 30° 47'.6 ; 9.70500 = log cos 59° 32'.2 ; 
9.77000 = log tan 30° 29'.5 ; 0.23200 = log tan 59° Uy Ler 
0.23300 = log cot 30° 19'.1; 9.76400 = log cot 59° 51'.2. 


Angles Near 0° or 90°. 


35. The assumption that the variations in the functions are propor- 
tional to the variations in the angles if the latter are less than 1’ fails 
when the angle is small, shown by the rapid changes in the tabular 
differences on pages 26, 27, and 28. 


36. The quantities S! and 7” which are used in this case are defined 
by the equations 


T= log ae 
where «! is the number of minutes in the angle. Their values from 
0° to'1° 40! (=100’) are given at the bottom of pages 3-21 ; from 
1° 40’ to 3° 20! at the left margin of pages 4 and 5, the first three 
figures being found at the top; and from 3° to 5° on page 24. ‘Thus, 

for r'= 1! (pages), S'= 6.46373, 7'= 6.46 373; 
for 15'= 15! (pages), S'= 6.46 372, 7 = 6.46 3733 
for 2°40'= 160! (page 5), S’= 6.46 357, T' = 6.46 404 ; 
for 4°20'= 260! (page 24), S'= 6.46 331, 7' = 6.46 456. 
Each of these numbers should have —1o written after it (Art. 11). 


e 
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Note. — The logarithmic cosine of a small angle is found by the ordinary method. 
The cotangent of an angle is the reciprocal of the tangent, and hence the logarithmic 
cotangent is the arithmetical complement of the logarithmic tangent. The formulas 
for finding the logarithmic cosine, tangent, and cotangent of angles near 90° are 
given on page 25. 


37. Zo find the logarithmic sine or tangent of a small angle. — From 

Art. 36, we have 
lag sin a = .S'+ log a’, 
log tana = 7" + log a’. 

Hence, to find the logarithmic sine or tangent of an angle less than 
5°, find the value of the S' or Z’' corresponding to the angle, interpolat- 
ing if necessary, and add it to the logarithm of the number of minutes 
in the angle. 

Find logsin 0° 42'.6. Since the angle is nearer 43' than 42’, we take 

S'= 6.46 371 
log 42.6 = 1.62 941 
*. log sin 0° 42'.6 = 8.09 312 

Find log tan 1°53'.2. Since the angle is nearer 1°53! (= 113’) than 

114’, we take ; é 
T' = 6.46 388 
log 113.2 = 2.05 385 
slog tant, 532 = 8.540773 


NoTrE. — When the angle is given in seconds, either reduce the seconds to deci- » 
mals of a minute, or use the values of S!! and 7” given at the bottom of pages 
3-23 and on page 24. They are defined by the equations 


SM =logS®* and = log 28 = 
alt all 


where a!’ is the number of seconds in the angle. Hence 


log sina = S'’ + loga!!, and logtana = 7” + loga!’. 


38. Zo find the small angle corresponding to a given logarithmic sine 
or tangent, — From Art. 36, 


log a' = log sin a — S|, 
log a' = log tana — 7", 
log «' = log sin «+ cpl S', 
log a! a ee 


When the angle is less than 3°, find on pages. 26-28 the value of 
cpl .S' (or cpl Z"') corresponding to the function, interpolating if neces- 
sary, and add it to log sin (or log tan «); the sum will be the loga- 
rithm of the number of minutes in the angle. 

In finding the angle whose logarithmic sine is 8.09006, we see from 
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the Z. Sin column (page 26) that the angle is between 0° 42! and 0° 43’, 
and that the value of cpl.S' must be either 3.53628 or 3.53629. The 
given logarithmic sine is nearer that of 42' than that of 43'; hence we 
take 
cpl S' = 3.53628 
log sin a = 8.09006 
logo! = 1.62634: a! = 42.300, 


When the angle is between 3° and 5°, we may find S' and 7”' from 
page 24 after finding the angle approximately from pages 29 and 30. 
Thus in finding the angle whose logarithmic tangent is 8.77237 we 
find from page 29 that the angle is between 3° 23' and 3° 24’, being 
nearer 3° 23’. Then on page 24 we have 


Tie 6.40423 
fog: tan: @.==1807 7.23.7 
. log tana — 7! = log a! = 2.30814 .*. a! = 203'.30 = 3° 23'.30. 


Angles Greater than 90°. 


39. To find the logarithmic sine, cosine, tangent, or cotangent of an 
angle greater than go°, subtract from the given angle the largest multi- 
ple of go° contained therein. If this multiple is even, find from the 
tables the logarithmic sine, cosine, tangent, or cotangent of the remain- 
ing acute angle. If the multiple is odd, the logarithmic cosine, sine, 
cotangent, or tangent, respectively, of the remaining acute angle will be 
the function required ; thus, sin 120° = sin (go° + 30°) = cos 30°. 


I. Quaprant. | IT. Quaprant. | III. Quaprant. IV. QuapRANT. 
en a go°+a. 180° +a 270°+u 
Sine == + sina + cosa —sina — cosa 
cos x = + cosa —sina — cosa + sin a 
tan a= + tana — cota + tana — cota 
cour = + cota — tana + cota — tana 


Or we could find the difference between the angle and 180° or 360°, 
and find from the tables the same function of the remaining acute 
angle ; thus, cos 300° = cos (360° — 60°) = cos 60°, etc. 


I. Quaprant. | II. Quaprant. | III. Quaprant. IV. QuapRanT. 
° ° 300 —a 
r= a 180°-a 180° +a ena 
ie ee eee : 

sin + sina + sina — sina —sina 
cosa + cosa — cosa — cosa + cosa 
tana + tana — tana + tana —tana 
COns — + cota — cota + cota — cota 


To indicate that the trigonometric function is negative, 7 is written 
after its logarithm. 


OS 
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40. To find the angle corresponding to a given function, find the 
acute angle @ corresponding thereto, and the required angle will be a, 
180° + a, or 360° —a@, according to the quadrant in which the angle 
should be placed. 


_41. There are always two angles less than 360° corresponding to any 
given function. Hence there will be ambiguity in the result unless 
some condition is known that will fix the angle; thus, if the sine is 
positive, the angle may be ‘in either of the first two quadrants, but if we 
also know that the cosine is negative, the angle must be in the second 
quadrant. 


Given One Function of an Angle, to find Another Labs aera! 
the Angle. 


42. Suppose log tan @ = 9.79361, and log cos & is sought. On page 
57 the tabular difference for log tana is 28, and that for log cose 
is 8, the given logarithmic tangent exceeding 9.79354 by 7.- Hence 
28:7=8:4; “. x= X7=2= correction to 9.92905, giving 
log cos & = 9.92903. 

In the margin are tables to facilitate the process. In the column 
headed .8, the numerator is the tabular difference for the column 
headed Z. Cos, and the denominator that for the logarithmic tangents. 
The numbers in the marginal column are the values of A, — the excess 
of logtanw over the next smaller logarithmic tangent, found in the 
tables, —such that 8, A shall be 0.5, 1.5, 2.5, etc.; and the numbers 
on the left are the corrections x to be applied to the numbers in the 
column headed Z. Cos. Thus, if A is between 1.8 and 5.2, x is between 
0.5 and 1.5, and is called 1. Note that 1 is opposite the space between 
1.8 and 5.2. In the example above, the excess A is 7, which lies 
between 5.2 and 8.8; hence x is 2, the number on the left opposite the 
space between 5.2 and 8.8. 

_ For example, if we have given the joeieitions of the sides of a 
right-angled triangle, log @ = 2.98227 and log = 2.90255, to find the 
- hypotenuse, we use the formulas 


a 7) : 


sin@ cose 
t 


a 
tan eae y and (i 


The value of log tan « being found in 

log @ = 2.98227 (1) the column marked Z. Zan at the bot- 

*. log sina = 9.8851 (4) tom, the right column will contain the 

log 6 = 2.90255 (2) logarithmic sine of the corresponding 

“. log tan « = 0.07972 (3) angle. Also, the correction to 9.88563 

. loge = 3.09656 (5) is 20 x 12, which we find to be 8 from 
the table headed 32. 
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TABLE III. 


43. This table (pages 72-94) contains the “natural” or actual 
numerical values of the trigonometric sines, cosines, tangents, and 
cotangents of angles from o° to go°, for each minute, while Table II. 
contains the logarithms of these numbers. 
Nore. —The secant is the reciprocal of the cosine, and the cosecant of the sine. 
“The arrangement and method of using the table are the same as 
those for Table II., except that the tabular differences are not printed. 
For the sake of clearness the first figures of the functions are given only 
opposite each fifth minute, and also when they change. Arts. 26, 27, 
29, 30, 31, 32, and 34* will explain the table if the word “logarith- 
mic’’ be changed to “ natural,” and “ Z. Sz,” etc., to “ JV. Sin,” etc. 


sin 20° 10! = 0.34475; cos 20° 10! = 0.93869 ; 
tan 20° 10! = 0.36727; cot 20° 10! = 2.7228. 
sin 68° 10' = 0.92827; cos 68° 10' = 0.37191 ; 


tan 68° 10'= 2.4960 ; cot 68° 10! = 0.40065. 
4 


In finding sin 68° 24'.4 we see that the required sine lies between 
0.92978 and 0.92988, the tabular difference being 10; the correction 
for o’.4is 10 X .4= 43 hence sin 68° 24.4 = 0.92978 + 4 units in the 
fifth place = 0.92982. ; 

In finding cot 68° 20'.4 we see that the required cotangent lies 
between 0.39727 and 0.39694, the tabular difference being 33 ; the cor- 
rection for 0.4 is 33 X .4 = 13-2; hence cot 68° 20'.4 = 0.39727 — 13 
units in the fifth place = 0.39714. 

Nore. —The correction is added for the sine and tangent because they increase as 


the angle increases, and subtracted for the cosine and cotangent since they decrease 
as the angle increases. 

In finding the angle whose tangent is 0.39870, the required angle will 
lie between 21° 44’ and 21°45’, the tabular difference being 39896 — 
39862 = 34, while the given tangent exceeds that of 21° 44' by 
39870 — 39862 = 8. Hence 8 + 34 or o'.2+ is the correction to be 
added to 21° 44’, giving 21° 44'.2 for the angle required. 

In finding the angle whose cosine is 0.36850, the required angle will 
lie between 68° 22! and 68° 23’, the tabular difference being 36867 — 
36839 = 28, while the given cosine is less than cos 68° 22' py 36867 zs 
36850 or 17. Hence 17 + 28 or o'.6+ is the correction to be added 
to 68° 22’, giving 68° 22'.6 for the angle required. 


* The examples in these articles apply only to Table II. 


EXPLANATION OF THE TABLES. 


TABLE IV. 


44. Circular arcs with radius unity. (Page 95.) —To find the 
length of the arc of 61° 42' 35.2 in a circle whose radius is 200 feet, 
we find that in the circle whose radius is unity, 

Arc of 61° = 1.06465 08 
Arc of 42’ ='0.01221 73 
Arc of 35" = 0.00016 97 
Arc of o!'.2 = 0.00000 10 

“. Arc of 61° 42! 35'.2 = 1.07703 88* feet in the circle whose 
radius is 1 foot, and if the radius is 200 feet the length of the arc will 
be 1.07703 88 X 200. 

To find the angle at the center of a circle with radius 3, the length 
of its intercepted arc being 13.39410 00: the length of its intercepted arc 
in the circle whose radius is unity will be 1 x 13.39410 00 = 4.46470 00. 

4.46470 00 
Next less = 3.14159 27 corresponding to 180°. 
Difference = 1.32310 73 
Next less = 1.30899 69 corresponding to 75°. 
-OIL4II 04 
01396 26 corresponding to 48. 
00014 78 
.0001454 corresponding to 30", 


00000 24 corresponding to o!.5. 
- 255° 48! 30.5. 


* Owing to the incompleteness of the table the last figure will. probably be erro- 
neous. 


EXPLANATION OF THE TABLES. 


TABLE V. 


45. Conversion of common logarithms into Naperian, and vice versa 
(page 96). — We have 


logy W = Mog, N, and log, a= 7, logy WV. 


Table V. contains the multiples of J/ and rr by numbers from 
I to 100. 
Find the common logarithm of 2, its Naperian logarithm being 
0.69314 718056. 
M x .69 0.29966 31925 
M X .0031 : .00134 63128 94 
M X .000047 .00002 04118 41 
M x .co000018 .00000 00781 73 
M x .0000000005 .00000 00002 17 
M X .00000000006 = .00000 00000 26 
. logy 2 = 0.30102'99956 51 
(True value = 0.30102 99957) 


Find the Naperian logarithm of 0.2, its common logarithm being 
9.30102 99957 — 10. Hence the true logarithm is 


logy) 0.2 = —1 + .30102 99957 = — 0.69897 00043. 


— X .69 = 1.58878 37142 


X .0089 .02049 30073 28 


X -900070 .00016 11809 57 


X .0000000043 = = .00000 00099 Of 
-. log, 0.2 = — 1.60943 79123 86 
(True value = — 1.60943 79124) 


Typography by J. S. Cushing & Co., Norwood, Mass. 
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